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CHAPTER 1 

General Introduction 

 

1.1 Background 

Backward-Facing Step (BFS) flow is one of the common geometric models to study the separation 

and reattachment flow and heat transfer enhancement. It is a fundamental model and the flow field shows 

complex characteristics of the separation flow. In the stepped duct, when the fluid flows through such a 

sudden enlargement cross-section, the flow separation can make the steady flow state turn into an unstable 

flow state. The enhanced flow instability can destroy the wall boundary layer, which has a positive effect 

on heat transfer enhancement. It is a common method for heat transfer enhancement under a relatively low 

Reynolds number range. The most important features of flow separation, vortex generation, and 

reattachment could be found in BFS flow. The general understanding of the physics in BFS flow has 

attracted the attention of many scholars in recent years [1-4]. In addition, specifically in engineering 

applications, the step structure can constitute a sudden change in the cross-sectional area of the flow 

channel, which causes changes in the velocity boundary layer and temperature boundary layer in the heat 

exchange equipment. For example, the step structure in a compact heat exchanger can enhance heat transfer. 

The sudden expansion of the cross-section in the combustion chamber promotes the formation of a 

recirculation zone, which is beneficial to improve combustion efficiency. In general, studying the effect of 

the separation and reattachment flow phenomenon contained in the flow around the step on the heat transfer 

characteristics not only has strong academic value but also has a certain guiding significance in engineering 

applications [5-10]. Since few studies have taken the comprehensive analysis of such representative flow 

situations with BFS [1-3] into consideration and no general summary has been conducted yet. This chapter 

will summarize the study in such flow conditions and generalizations for BFS flow, which is necessary for 

future research works. 
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1.2 Basic geometry and features of Backward-facing step (BFS) flow 

Although the geometric structure of the flow around the BFS is simple, the flow phenomenon 

contained in this type of structure is relatively rich. Basic geometry and physical models of the 

stepped duct flow is shown in Fig. 1-1. BFS flow fully develops from the entrance of a channel, with 

a channel height of H, a channel width of WD, a step height of S. The expansion ratio ER and aspect 

ratio AR could be defined by H/S and WD/S. Then the fluid in the initial boundary layer (I) flows 

passing through the separation point, generating a separated shear layer (II). Due to the sudden 

expansion effects, part of the fluid impacts the bottom wall to form a reattachment zone (VI). Under 

the separated shear layer, a primary recirculation region (IV) could be observed. In some 

circumstances, corner eddy (III) and second recirculation region could be detected in the stepped 

corner and near the upper wall. If AR of the channel is greater than 24, according to Iwai et al. [11], 

the side walls have a negligible effect on the flow along the channel centerline. While considering 

that the actual flow and thermal fields in heat exchangers are expected to be three-dimensional, it is 

necessary to understand the details of such flow and thermal structures. Some investigations on flow, 

heat transfer and control process under this 3D flow condition will be discussed in more detail in later 

sections. In this study, the basic assumption for fluids is a single-phase Newtonian fluid with constant 

fluid properties. 

 

1.3 Experimental developments 

Various experimental studies were carried out in the past years. Representative studies in a large 

Reynolds number range from laminar to turbulent flow state are summarized in Table 1-1 [1, 12-54]. 

In this table, the duct expansion ratio, ER=H/(H-S). the duct aspect ratio, AR=WD/S. Re numbers based 

on step height (S), the dimensionless reattachment length xr/S are recorded for major research groups 

in BFS field. AR Here, the reattachment point is defined as the point at which the streamwise velocity 

in the experiment aspect or skin friction coefficient in the numerical simulation aspect changes its 

sign from negative to positive. Brief and necessary comments are also listed in the table for the 

convenience of comparison. 
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Fig. 1-1. Simplified geometry and formations of BFS. The Flow scheme: Initial boundary layer (I), 

separated shear layer (II), corner eddy (III), Primary recirculation region (IV), Second recirculation 

region (Ⅴ), Reattachment zone (VI), Redeveloping boundary layer (Ⅶ), Third recirculation zone 

(Ⅷ). 

 

According to the systematic investigation of Table 1-1, most of the experimental studies are 

concentrated on the measurements of reattachment length, the expansion ratio (ER) was also recorded 

in this table. The layout in Table 1-1 follows the order of quite low Re to quite high Re level. From 

this table, multiple findings could be summarized. (a) Most research is still related to 2D flow 

structures. (b) Even in the case of the same geometric configuration, the size of the reattachment 

points of different research groups still has large differences. (c) In the high Re cases (Re>10000), the 

reattachment length is usually within the saturation range of 6.0-8.0. This trend indicates that the 3D 

effect is intensively limited, and the general structure under high Re may dominate after the step. 

Among this table, some representative experimental research will be described again here. A 

representative experimental design for BFS flow measurement is shown in Fig. 1-2 [1]. In the PIV 

measurement study of Nadge and Govardhan [1], the aspect ratio is maintained to be greater than 16 

in all experiments, well above the value of 10 suggested by De Brederode and Bradshaw [55]. With 

this, the reattachment length reaches a saturated value at high Re for all ER cases. As the Re number 

z 
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is higher than 20000, the flow reattachment length is almost not affected by Re number and expansion 

ratio as long as the spanwise uniformity could be maintained. The mean flow field, or the mean 

separation bubble, also remains in a similar structure for high Re numbers, which belongs to a 

universal sort of BFS nature under the conditions discussed. Therefore, the saturated reattachment 

length phenomenon under high Re number has been fully confirmed, but there are still differences in 

the reattachment length corresponding to the low and medium Re numbers obtained by different 

scholars, more detailed and systematical measurements are necessary. The three-dimensional flow 

structure far away from the central section along the spanwise direction still needs to be systematically 

studied. 
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Table 1-1. Characteristics of representative experimental studies on BFS flow [54].  

References ER Re xr/S Comments 
Armaly et al. (1983) [26] 1.94 70–8000 Wide range 2D; Laser-Doppler measurements 

Nie & Armaly (2002, 2004) [27, 28] 2.02 100–8000 3.0-18.0 3D-LDV; inclination 

Durst & Tropea (1982) [30] 

Lee & Mateescu (1998) [31] 

1.06–3.0 

1.17, 2.0 

2000–20,000 

∼3000 

7.2–8.65 

6.0 

2D-LDV; 

2D; multi-element hot-film sensor 

Wengle et al. (2001) [32] 1.09 ∼3000 6.5 2D; Perturbed flow; LDV 

Bouda et al. (2008) [39] 2.0 7600 3.0–5.0 2D (AR=35); LDV 

Adams & Johnston (1988) [40] 1.25 8000–40000 6.07–6.8 2D; LDV; Separation shear layer effect 

Lim et al. (1990) [42] 2.0 10,000 ∼6.0 3D effects on flow characteristics; Turbulent, incompressible duct flow; very small AR=3.3 

Eaton & Johnston (1980) [43] 1.67 11,000–39,000 7.0–8.2 2D; Turbulent effect 

Nguyen & Souad (2015) [44] 

Ruck & Makiola (1988) [45] 

open 

2.0 

11,900 

15,000–64,000 

4.0–6.0 

6–8 

3D; Turbulent wall jet; PIV 

2D (AR=20); Microscale particle flow, LDA 

Fessler & Eaton (1999) [46] 1.67 18,400 7.4 2D; Turbulence modification; particle flow 

Otugen (1991) [17] 

Vogel & Eaton (1985) [48] 

2.15–3.13 

1.25 

26,500–38,000 

28,000 

4.9–6.5 

6.7 

Mixing enhancement; ER Effects on the separated shear layer and reattachment 

2D; Combined heat transfer and fluid dynamic measurements 

Kim et al. (1978) [49] 1.32–1.50 30,000–45,000 7.0 3D; Low aspect ratio (AR=3.3); Separation/reattachment 

Driver & Seegmiller (1985) [52] 1.11 37,500 6.26 2D (AR=12); Diverging channel 

Westphal et al. (1984) [15] [16] 1.67 42,000 7.0–8.6 2D; Expanding channel; parameters 

Kuehn (1980) [14] 1.14–1.33 79,000 6.19–6.80 2D; Effects of adverse pressure gradient on the incompressible reattachment 
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Fig. 1-2. Concept figure of the measurement system in BFS experiments (PIV; FOV field of view) [1]. 

 

1.4 Numerical developments 

Representative numerical studies with BFS flows are summarized in Table 1-2 [2, 21, 39, 42, 

56-99]. In this table, the numerical methods, ER, Re, and the dimensions reattachment length xr/S are 

recorded. Similar to experimental studies, numerical studies are also mainly focused on reattachment 

length comparisons. 

In recent years, with the improvement of computing power, more and more numerical simulation 

studies have been implemented, a large number of different forms of calculations on backward step 

flow are under development. Representative numerical cases are shown in Table 1-2. From this table, 

several major features could be summarized for the numerical aspect of BFS flow. (a) Same as 

experimental cases, most numerical research is still related to 2D flow structures. 3D effects in detail 

have not much been considered yet. The reattachment length in the 3D case is generally shorter than 

that in the 2D case (b) For the reattachment research, the agreement among the numerical studies or 

comparison with experiments is still not satisfactory. (c) There are mainly three types of calculation 
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methods used, namely CFD (Computational Fluid Dynamics), In-house code. Among In-house code, 

turbulent models are generally used, the most popular calculation model is the LES (Large Eddy 

Simulation） model, some DNS (Direct Numerical Simulation) method could also be found. As far 

as I know, DNS is generally used to study fluid/turbulence theory, such as how turbulence is 

dissipated, how to merge, etc. The LES is generally used for small and medium-scale simulations of 

practical/experimental problems (d) There still exists some saturated range when Re is high, which is 

similar to the tendency of the experimental result (e) Although the results of numerical simulation are 

extremely numerous. However, due to the lack of experiments, systematic verifications are rarely 

seen in those aspects, especially in the three-dimensional case. 

One typical and basic numerical model design with BFS flow is shown in Fig. 1-3 proposed by 

Iwai et al [11]. The investigations were systematically carried out at a low Re number. The expansion 

ratio of the duct is kept constant at 2.0. The research is mainly conducted by changing the aspect ratio, 

Re number, the buoyancy level, the inclination angles, the types of turbulent models, and the scale of 

the model (microscale). It was found that there were conditions under which the three-dimensionality 

could play an important role in terms of heat transfer enhancement. It is also mentioned that it would 

be worthwhile to perform an accurate and reliable measurement for three-dimensional flow and 

thermal fields, especially near the side walls adjacent to the step where the flow structure was 

expected to be very different from the flow in the center of the duct even at a relatively large aspect. 

 

Fig. 1-3. A representative numerical model for BFS flow [64]. 
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Analyzing from the perspective of Re number, prediction said that side wall effects will become 

quite apparent when Re is over 500 [100-102], while it will become weak when Re is over than 5000 

judging from the saturation state of the reattachment points, indicating that the flow structure becomes 

much complicated under relative low Re number conditions. As shown in Fig. 1-4 [64], the results 

show that two bifurcation regions could be found with the increase of Re from laminar to turbulent 

region. One could be observed around Re=300–600, and when it goes across laminar-to-turbulent 

(Re=1600–2000), multiple bifurcations could also be found indicating the three-dimensional and 

complicated happenings in BFS flows. There are many studies on trends analysis and convective 

structure analysis. However, the comparison between prediction and experiments does not agree well 

with each other, due to boundary and three-dimensional effects. 

 

 

Fig. 1-4. Locations of reattachment points with respect to Re numbers [64]. 
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Table 1-2. Characteristics of representative numerical studies on BFS flow [54]. 

References Method ER Re xr/S Comment 
Togun et al. (2014) [60] In-house code 2.0 50–200 2–8 2D; Nanofluid; heat transfer 

Rouizi et al. (2009) [62] In-house code 2.0 10-4–800 3–12 2D; incompressible 

Erturk (2008) [64] In-house code 2.0 100–3000 2–23 2D; incompressible 

Biswas et al. (2004) [68] In-house code 2.0, 2.5, 3.0 ∼800 4–12 3D; Low and moderate Reynolds numbers 

Kaltenbach (2004) [71] In-house code 1.2 3000–5000 4–6.5 3D; turbulent upstream conditions; swept BFS 

Dejoan & Leschziner (2004) [72] In-house code 1.5 3700 ∼7 2D; LES; periodic perturbed; injection of a slot jet 

Kobayashi et al. (1993) [73] In-house code 1.5 5400 5.4–7.1 2D; LES; Anisotropic mode 

Zhu (1995) [74] In-house code 2.0 25–5000 wide range 2D; Second-order projection method 

Koutmos & Mavridis (1997) [79] In-house code 1.125; 1.2 5000; 37,000 ∼6 2D; LES; unsteady separated flow 

Aider & Danet (2006) [81] In-house code 1.2 5100 5–6 3D; LES; boundary effect; unsteady beheviour 

Louda et al. (2013) [85] In-house code 2.0 15,000–64,000 6.5–8.5 2D & 3D; RANS; inclination; 

Yu & Lee (2009) [89] In-house code 1.67 18,400 7.41 3D; LES; particle flow 

Wang et al. (2006) [90] In-house code 1.67 18,400 10–15 2D; LES; particle flow 

Jin et al. (2011) [91] In-house code 1.67 18,400 7.6 2D; LES/FDF; particle flow; two phase 

Wang et al. (2012) [93] In-house code 1.25 28,000 6.78 2D; LES; Vreman model  

Rhee & Sung (2000) [94] In-house code 1.5 33,000 5.1–7.7 2D; unsteady numerical simulation; internal oscillator 

Prud’homme & Elghobashi (1968) [95] In-house code 1.85 66,000 6.52 2D; Turbulent heat transfer; flow control 

Choi et al. (2016) [78] OpenFOAM 1.48–3.27 5000–64,000 4–8 2D; LES/RANS  

Addad et al. (2003) [86] Star-CD 1.11 17,000 4.7 2D; LES; forward-backward; acoustic source 

Halupovich et al. (1999) [58] Phoenics 1.12 100,000–7,700,000 2.0–4.0 2D; Supersonic turbulent flow; Ma = 3.5 

Wengle et al. (2001) [32] DNS 1.04; 1.09 1480; 3000 11.3; 6.4 2D; Perturbed flow 

Le et al. (1997) [80] DNS 1.2 5100 6.28 2D & 3D; Quasi-periodic behavior 

El-Khoury et al. (2010) [76] DNS 2.0 5200 ∼22 3D; Confined channel 

Barri et al. (2010) [57] DNS 2.0 5600 7.1 2D; Fully turbulent 
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1.5 Heat transfer related BFS flow 

Most of the research on BFS flow is focused on pure fluid dynamics, and how the flow causes 

heat transfer changes is rarely discussed [2]. Representative studies on thermal-related BFS flows are 

recorded in Table 1-3 [2, 11, 48, 66, 103-125]. There are several major conclusions in the heat transfer 

related studies. (a) Not many researches are involved in the heat transfer aspect of BFS flow, 

especially experimental research accounts for a smaller proportion, which may be because the heating 

region becomes more complicated and difficult to control. (b) Experiments are mainly focused on the 

high Re region, while numerical studies are mainly conducted in the relatively low Re region. (c) 

Experiments are concentrated on heat transfer measurement, while flow control to enhance heat 

transfer is mostly applied in numerical simulation. (d) Many of the studies are focused on heat transfer 

enhancement, few studies are focused on the heat transfer mechanism affected by fluid flow. 

 

1.6 BFS flow control 

As shown in Table 1-3, various control methods have been proposed for BFS flow based on 

numerical, theoretical and experimental studies in the past years, passive and active control methods 

are the two main methods of BFS flow control. Passive methods include vortex generator [126], 

concave design [127], surface design [128] and so on, which may introduce additional pressure loss 

or change the flow conditions at the same time. Some researchers investigated the influence of 

obstacles such as circular cylinders inserted in the backward-facing step on the flow fields and heat 

transfer. Such investigation may help control the flow pressure loss and the boundary layer thickness. 

The analysis and study of transitional forced convection flow and heat transfer over a backward-

facing step by inserting a cylinder is unexplored. How to find the balance point between heat transfer 

enhancement and smaller energy loss is particularly important in the passive control. 

For active control, small disturbances with electromagnetic flap actuators on the step edge were 

introduced in laminar flow conditions to achieve heat transfer enhancement by Inaoka et al. [129]. 

Flap oscillation frequency and amplitude were changed variously under the laminar flow condition. 

The largest heat transfer enhancement could be achieved within the studied frequency ranges. A large-

scale unsteady vortex and a downward high-speed flow are two main causes to enhance the heat 

transfer in the sub-optimum and the high-frequency condition. The main idea of Inaoka’s group is 

eliminating heat transfer deterioration by destroying the recirculation region structures. Similarly, the 
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jet-flow control method was introduced by Glezer et al. [130], the interaction between the jet-flow 

and the mainstream flow was also studied. Since the active control needs to consider additional energy 

input, no much discussion was done in my dissertation. A passive control method was adopted, which 

will be elaborated in Chapter 5 

 

1.7 Summary 

Based on the review of recent developments in theoretical, experimental, and numerical aspects 

of BFS flow. In this thesis, we focus on fulfilling 4 problems: (I) The proportion of 3D flow structure 

research compared with 2D research is still relatively small, especially in experimental research. (II) 

In the thermal field, experiments are mainly focused on the high Re region, while numerical studies 

are mainly conducted in a relatively low Re region. Thus, thermal structures in laminar flow cases 

should be intensively studied and systematically investigated. (III) Since many types of research are 

devoted to heat transfer enhancement, while little attention was paid to the correlation between 3D 

BFS flow structures and heat transfer, especially near the side walls of the stepped duct. In addition, 

the investigation of the heat transfer characteristics near the upper wall was very few and is a 

particular interest. (IV) Inserting a circular cylinder in the stepped channel, which belongs to the 

passive control method has rarely been investigated. Therefore, the fundamental research on 3D flow 

and heat transfer mechanism (near the bottom wall and the upper wall), especially their correlation 

based on this simple model itself in the laminar flow region should be conducted in-depth.  
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Table 1-3. Representative studies on BFS flow with heat transfer [54]. 

References Method Target ER Re Details and Comment 

Suzuki et al. (1991) [105] Experiment Inserted cylinder effect Open channel 700–1400 LDV; Cylinder inserted in stepped duct  

Yamada & Nakamura (2016) [103] Experiment Thermal fluctuations 1.10 2500–7600 PIV; high-speed thermography; Combined system 
Mittal et al. (2017) [106] Experiment Heat mass transfer 1.07 16,000–23,000 Low step design; TC wire; Local heat transfer 
Vogel & Eaton (1985) [48] Experiment Heat transfer 1.25 28,000 Heat transfer from below ; Flow structure 
Abu-Mulaweh et al. (2001) [107] Experiment Mixed convection 1.28   T-diff between flow and wall; LDV 
Kanna & Das (2006) [113] In-house code Heat transfer 2.0 100–800 Boundary and Pr effect 
Khanafer et al. (2008) [114] In-house code Mixed convection 2.0 100–1000 Oscillation effect; Laminar pulsating 
Iwai et al. (2000ab) [11, 115] In-house code Effect of AR and side wall 2.0 125–375 3D; BFS with rectangular duct ; 2D and 3D effect 
Ramsak (2015) [118]  In-house code Conjugate heat transfer 2.0 800 Revisited benchmark Cases  
Valencia (1997) [123]  In-house code  Heat transfer 2.0 52,400 Oscillation effect; 2D; Inlet pulsating 

Xie et al. (2017) [117, 131, 132] In-house code Geometric effect, vortex structure 2.0 500–1200 Forward step; hot wall; Backward and forward steps 

Ravikanth et al. (2002) [121] In-house code Heat transfer 1.5 5540 LES; Small scale details 

Amiri et al. (2016) [120] Fluent BFS heat transfer 2.0 5000–15,000 
Turbulent heat transfer; nanofluids; Step in a channel 
flow 

Barrios-Pina et al. (2012) [66] DNS Heat transfer 2.0 182–521 2D; heat flux effect； 
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1.8 Outline of thesis 

As discussed in the previous sections, the thermal investigation in the laminar flow over a three-

dimensional step is not much, the characteristics of 3D flow motion are not clear. Furthermore, the 

relationship between the 3D flow structures and the heat transfer is urgent to be clarified under this 

critical laminar flow state. To solve the problems above and reveal the mechanism of heat transfer 

enhancement in the BFS flow, an experimental platform was set up. Based on the understanding of 

flow and heat transfer mechanism of this fundamental BFS flow, a geometric modification was also 

conducted by numerical simulation to further promote the heat transfer performance. 

 

In Chapter 2, the 3D flow structures of the BFS flow in the low Re number region were 

investigated. The spanwise variations of the time-averaged reattachment points and the periodicity of 

the instantaneous reattachment points were intensively paid attention to. Because the spatial change 

of the reattachment point can reflect the three-dimensional characteristics of the flow to a certain 

extent. Their relationship to heat transfer was also discussed in order to explore the effect of this 

separation and reattached flow on the heat transfer distribution. 

 

In Chapter 3, spatial distributions of the local heat transfer coefficients on the bottom wall and 

upper wall downstream of a BFS in a duct flow have been measured by making use of a thermo-

sensitive liquid crystal sheet. Three components of the time-averaged velocity measurements by 2D 

PIV have been done for Re=400-900. These two measurements make it possible to investigate the 

heat transfer characteristics affected by flow-related parameters. Various comparisons of the heat 

transfer coefficient between the bottom wall and the upper wall were also discussed. 

 

In Chapter 4, the reattachment length data near the side wall and the center of the duct has been 

collected and analyzed. The flow at Re=400 was chosen as the main research object because of its 

largest reattachment length near the duct center and some other critical properties. Correlation 

analysis between the velocity-related parameters and Nusselt number on the bottom wall was also 

done through the Pearson correlation method, the heat transfer enhancement mechanism at Re=400 

near the side wall was clarified. 
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In Chapter 5, after clarifying the heat transfer enhancement mechanism in a simple stepped flow, 

an incompressible numerical model for the BFS flow with inserting a cylinder was established to 

explore whether it can further enhance heat transfer. The effects of various streamwise and cross-

stream positions of the cylinder on the flow fields and heat transfer were discussed. 

 

Chapter 6 is devoted to summarize the major conclusions of this study and offers suggestions 

for future work. 
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CHAPTER 2 

Three-Dimensional Fluid Flow Structures and Reattachment 

Characteristics of a BFS Flow in a Rectangular Duct 

 

2.1 Introduction 

Flow separation and reattachment of BFS caused by an abrupt expansion are well applied into 

many heat exchanging devices, such as energy system equipment, electronic cooling, cooling of 

turbine blades, dump combustors, and many other heat transfer-exchanging devices. For the sake of 

improving the performance of these applications, investigating the mechanism of flow and heat 

transfer enhancement is very crucial. The benchmark problem of laminar and turbulent flow has been 

extensively studied by experimental (Armaly et al., 1983 [1]; Lee et al., 1998 [2]; Terhaar et al., 2010 

[3]; Kapiris et al., 2014 [4]) and numerical (Vogel and Eaton, 1985 [5]; Iwai et al., 2000 [6]; Kozel et 

al., 2005 [7]; Lan et al., 2009 [8]; Barrios et al., 2012 [9]) methods. In the early years, the laminar 

(ReD＜1200), the transitional (1200＜ReD＜6600 ), and the turbulent (ReD＞6600) regimes of the 

flow in a two-dimensional channel are identified by the primary reattachment length based on the 

experimental research with Laser-Doppler measurements [10]. The experimental and numerical 

research carried out by Iwai et al., 2000 [6] and Armaly et al., 1983 [1] on the three-dimensional BFS 

flow has arisen much more attention. Since then, a lot of three-dimensional laminar flow 

investigations (Armaly et al., 2002 [11]; Nie and Armaly, 2004 [12]; Chen et al., 2006 [13]; Nie et 

al., 2009 [14]) have been published.  

The effects of side walls caused much attention in the fluid dynamics community for many 

numerical and laboratory experiments. Williams and Baker [15] was attributed to the three-

dimensionality with the effects of side walls and found that the complex jet-like flow was located at 

the stepped wall near the side walls. The complex flow structure near the side walls was also reported 

by Chiang and Sheu [16] by numerical simulation. In their work, the limiting streamlines near the 

roof, floor, and end walls at Re = 800 were investigated to illustrate the spanwise width (2h≤B≤

100h) effects on the flow field. Iwai et al. [6] investigated the effects of the duct aspect ratio with a 

fixed step height and revealed the 2D region can be obtained with an aspect ratio of at least 16 and 

showed the Nu and Cf distribution in laminar steady flow regime (125≤Re≤375). Tylli et al. [17] 

https://doshishaacjp-my.sharepoint.com/personal/cyjc2501_mail4_doshisha_ac_jp/Documents/博士科研/博士毕业论文/邹帅毕业论文/AppData/Local/Yodao/DeskDict/frame/20160111204443/javascript:void(0);
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investigated the effects on the primary and secondary recirculation zones, and explained the 

differences between experimental and 2D simulations in the transitional and turbulent regimes. 

Effects of step height on the distribution of Nu, Cf  and flow structures were studied by Nie and 

Armaly [18]. The fact that the three-dimensional behavior and side wall effects increase with 

increasing step height was also found by them. Biswas et al. [19] reported the spatial evolution and 

three-dimensionality of jet-like flows with different expansion ratios (ER=1.9423, 2.5, 3.0).  

In the low Reynolds number regime, Chiang et al. [16] numerically investigated the vortical 

evolution in a 2D BFS. They clarified how the recirculating bubble containing flow reversals is turned 

into smaller eddies and discussed the eddy distortion and the merging of eddies in his study. Flow 

structures in a 3D BFS channel were carefully studied by Rani et al. [20] to indicate that the flow 

becomes unsteady along with the effects of the Kelvin-Helmholtz instability and Taylor-Görtler-Like 

vortices at ReD=1000 and 2000. Kitoh et al. [21] studied the time-averaged reattachment length and 

the distribution of Nu and Cf on the floor wall at an unsteady flow state with the effects of expansion 

ratios by the methodology of DNS. In his work, the flow structure in the separated and reattachment 

regions was clearly shown at 300≤Re≤1000. Tihon et al. (2012) experimentally and numerically 

studied the unsteady flow (water) with different expansion ratios and inlet flow conditions at middle 

Reynolds numbers. The results suggested that the inlet pulsatile flow plays significant roles in flow 

structures, reattachment length and upper wall recirculation zones.  

It is worth noting that there is a lot of steady laminar flow and turbulent flow investigations on 

the flow structures and reattachment in BFS flow by numerical simulation and experiments but little 

attention has been paid to an unsteady laminar BFS flow and the study on the three-dimensionality 

of this flow is still in its infancy. In particular, very few studies have examined the flow structure of 

the entire flow field, and the relationship between the flow structure and heat transfer characteristics 

has not yet been clarified, considering the duct with side walls. Accurate and reliable measurement 

for three-dimensional flow and thermal fields, especially near the side wall where the flow structure 

was imagined to be different from the flow in the center of the duct. This chapter aims to study the 

reattachment characteristics of 3D BFS in a low Reynolds flow regime. The flow structure of the BFS 

flow was investigated by the PIV method, which enables simultaneous measurement of multiple 

points, and the relationship with heat transfer was also investigated. Referring to Armaly et al. 

(AR=36) [11] and Iwai et al. [6], the Reynolds number was changed from 200 to 1000 in increments.  
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2.2 Experimental apparatus and procedures 

2.2.1 Experimental apparatus overview 

Experiments were done in a closed water channel consisted with an upper tank, honeycombs, 

wire meshes, a rectifying section, a contraction section, a developing channel, a test section and a 

lower tank as shown in Fig. 2-1. Water was driven by the head difference between the upper tank and 

the lower tank and flowed into the test section as a fully developed laminar flow. The test section, 

illustrated in Fig. 2-2, was WD=240 mm wide, 30 mm high, 470 mm long and was made of the 

transparent acrylic plate. Since the step was S=15 mm height, the expansion ratio and aspect ratio of 

the duct upstream the step were 2 and 16, respectively. The origin of the coordinate system was 

located at the center of the bottom line of the backward-facing wall. x-, y- and z-coordinates were set 

for the streamwise, wall-normal and spanwise directions, respectively. Nylon particles (50μm) and a 

high-illuminance green laser whose average thickness was 0.8 mm were used for PIV measurements. 

The particle images were acquired by a high-speed camera (1024 pixels2, KANOMAX, HSS-3). To 

grasp the flow structures downstream the step, especially to examine the flow reattachment 

characteristics on the bottom wall, instantaneous velocity vectors mainly in the x-z plane near the 

bottom wall, and those in the x-y and y-z planes as necessary were also measured. Velocity vectors 

were calculated using the cross-correlation method combined with postmedian filtering for removing 

spurious vectors. Here, the flow reattachment point is defined as a position where the obtained 

streamwise velocity becomes zero from negative to positive. 
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Fig. 2-1. Schematic view of an experimental apparatus. 

 

 

Fig. 2-2. Test section of a BFS flow in a duct. 
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2.2.2 Velocity measurement 

The velocity distribution was measured as follows. Nylon particles of average particle diameter 

50 μm were mixed in the working fluid, and a sheet-shaped high-intensity green laser (LASER 

QUANTUM, opus, output 1.0 W) was irradiated on the x-y and x-z cross-sections to visualize them, 

and the scattered light of the particles was photographed with a high-speed camera (KANOMAX, 

HSS-3). The velocity distribution was obtained from the captured images by the cross-correlation 

PIV method (LaVision, Davis 10.0). The imaging areas were 120 mm and 30 mm in the x and y 

directions in the x-y cross-section, and 240 mm and 240 mm in x and z directions in the x-z cross-

section, respectively. The acquired images were 1024 pixels and 255 pixels in the x and y directions, 

1024 pixels and 128 pixels in the y and z directions in the y-z cross-section, and 1024 pixels and 1024 

pixels in the x-z cross-section. Therefore, 1 pixel in the x-y cross-section corresponds to 0.12 mm, 

and 1 pixel in the y-z cross-section corresponds to 0.23 mm. In general, the particle image size should 

be over 2 pixels, the number of particles in the inspection area is about 5, and the moving distance of 

the particles is within 5 pixels according to PIV Handbook [22]. Therefore, the sampling frequency 

of the high-speed camera was adjusted appropriately according to the Reynolds number. In this study, 

the sampling frequency was set at 20～125 fps, and the shooting time was 100s. The speed was 

calculated concerning the PIV Principle [22]. The inspection area was 16 × 16 pixels and the 

exploration area was 32 × 32 pixels. The definition of the Reynolds number is given by Eq. 2-1: 

𝑅𝑒 =
𝑈𝑚0𝑆

𝜈
                                   (2-1) 

where 𝑈𝑚0 is the streamwise mean velocity upstream the step, 𝜈 is the kinematic viscosity of water.  

The reattachment position is determined as the position where the velocity in the flow direction 

changes from negative to positive at height y=0.5 mm (y/S=0.03) in the vicinity of the bottom wall 

surface and y=29.5 mm (y/S=1.97) near the upper wall, respectively. In addition, the time-averaged 

reattachment position is obtained from the time-averaged velocity vector at each spanwise direction 

position. 

To verify the stability of the experimental apparatus and the accuracy of the PIV method 

operation, the verification experiment under Reynolds number of 400, 600, 800, 1000 on the inlet 

flow velocity profile just upstream the step was carried out. As a fully developed laminar flow, the 

velocity field shows a parabolic shape at the center of duct presented in Fig. 2-3, which is close to the 

theoretical velocity distribution in streamwise direction (the solid line in the figure) that was given 
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by the approximation [22] which represents a fully developed laminar flow in a rectangular duct. The 

transverse distribution of mean streamwise velocity component at x/S=-1 and y/S=1.5 shown in Fig. 

2-4 also agrees well with each other under different Reynolds numbers, indicating that the 

experimental apparatus and PIV method operation is reliable. The relative error between the PIV 

results and the theoretical value was 1.3%. 

 

  

Fig. 2-3. Wall-normal distribution of the streamwise velocity at the center of the duct just upstream 

the step. 
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Fig. 2-4. Spanwise distribution of the streamwise velocity at the center of the duct just upstream the 

step. 
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2.3 Results and discussions 

2.3.1 Heat transfer and flow structures at Re=1000 

To elicit the three-dimensional characteristics of the stepped flow, a specific Reynolds number 

of 1000 was first selected as a prior research object. The time-averaged Nusselt number distribution 

superimposed with the time-averaged velocity vector and reattachment points at Re=1000 is shown 

in Fig. 2-5. Here, the local Nusselt number defined based on the step height S as Eq. (2-2) will be 

used. 

𝑁𝑢 =
𝑞𝑤𝑆

𝜆(𝑇𝑤−𝑇𝑖𝑛)
                              (2-2) 

where 𝜆 is the thermal conductivity of the fluid, Tw is the local wall temperature, and Tin is the inlet 

fluid temperature. qw is the constant wall heat flux calculated from the electric power input through 

the stainless foil strips. 

The indexed colorful scale drawn in this figure corresponds to the obtained local Nusselt number. 

The red part represents the high Nusselt number area while the blue part represents that of the low 

Nusselt number. z/WD = 0.0 corresponds to the center of the duct while z/WD =0.5 corresponds to the 

side wall. Due to the symmetric feature of the duct flow and heat transfer distribution, some of the 

following figures will be shown just half of the duct. 

Even though the aspect ratio is 16 which is relatively large, heat transfer distribution shows 

unique variations, especially in the spanwise direction. A relatively large high Nusselt number area 

observed around 8<x/S<12 represents the heat transfer enhancement caused by the flow reattachment. 

Upstream that and just behind the step, there generates a large area of heat transfer deterioration which 

has been generally mentioned concerning the flow re-circulation region for the conventional 2D 

stepped flow regime. Another unique point worth to mention is that the maximum heat transfer 

appears in the region near the side wall around 0.4<z/WD<0.5 and 6<x/S<12. The corresponding time-

averaged velocity vectors in the x-z plane near the bottom wall obtained by PIV was also 

superimposed in Fig. 2-5, each of the white circular plots drawn in this figure is the time-averaged 

reattachment points calculated from these time-averaged velocity vectors. The flow field downstream 

the step is no longer 2D but intensive 3D. Near the side wall, strong reverse flow toward the channel 

center is observed, which corresponds well to the high heat transfer exchange near the bottom wall. 

Owing to that flow, the flow re-circulation region is distorted in the spanwise direction and the unique 

shape of the low-speed reverse flow area is produced. This slow reverse flow corresponds quite well 
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to the heat transfer deterioration just behind the step. On the other hand, it is naturally confirmed that 

the reattachment points seem to divide the downstream flow and the reverse flow. The reattachment 

point changes a lot along the spanwise direction, the apparent positive or negative values of the 

spanwise velocity components are observed just along the reattachment positions, the flow 

reattachment of this flow regime is no longer 2D.  

Figure 2-8 shows the velocity vectors in the y-z plane obtained at various streamwise positions. 

As seen at x/S=6.7, intensive secondary flow from the side wall to the center of the duct can be 

observed at z/WD=0.45-0.25. This downwash flow from the step observed from x/S=6.7 to 8.0 

corresponds well to the intensive reverse flow near the side wall region seen in Fig. 2-7. This flow 

enhances the heat transfer there. At the positions x/S=8.0 and 9.3, with the generation of the 

downwash flow at around z/WD=0.45, some kind of counter vortices were obtained.  

As is mentioned above, heat transfer distribution on the bottom wall is found to be remarkably 

related to the 3D flow structures downstream the step, especially, the flow behaviors near the bottom 

wall and the reattachment structures. Such relation was also reported by Iwai et al. [6], however, the 

flow field seems to be different depending on the Reynolds number. Thus, in the following sections, 

the flow reattachment characteristics and 3D flow structures depending on the Reynolds number will 

be discussed. 

 

  

Fig. 2-5. Local Nusselt number (Re=1000). 
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Fig. 2-6. Velocity vectors in the y-z plane (Re=1000). 
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2.3.2 Time-averaged reattachment points 

The distributions of the time-averaged reattachment points for all the representative Reynolds 

number cases from 200-1000 in the x-z plane were investigated. The time-averaged reattachment 

point changes its position spanwisely for all the Reynolds number cases, revealing that the flow 

structure is affected by the 3D stepped flow, though its magnitude and changing pattern were varied 

for each Reynolds number.  

All the patterns can be classified into four parts as shown in Fig. 2-7 (a)-(d). For the first case 

(Re=200-350), the reattachment points move downstream at each spanwise position as Reynolds 

number is increased, especially at the center of the duct. A tongue-shaped reattachment flow occurs 

along the center of the channel. This growing tendency agrees quantitatively well with that reported 

by Iwai et al. [2]. At the Reynolds number of 200, the reattachment length is the shortest at each 

spanwise position compared with other cases, showing the steady laminar flow pattern. In Fig. 2-7 

(b), an intensive variation of the reattachment point occurs, especially at the central part of the channel 

around 0<z/WD<0.2. As the Reynolds number continues to be increased, the reattachment length also 

increases near the side wall while the reattachment points intertwine with each other near the center 

of the duct. In Fig. 2-7 (c), the variation range of the reattachment positions becomes narrow, and the 

reattachment points move upstream near the center line, it is worth to mention that an abrupt change 

of the reattachment point is generated near the side wall region around z/WD=0.4 for Re=600-750. A 

disconnection of reattachment points occurs between the side wall and the center of the duct. For the 

cases of Re≥800, as observed in Fig. 2-7 (d), the reattachment points near the side wall move more 

downstream position than the center of the duct and are squeezed in a small range around x/S=11.  



 

39 

 

Fig. 2-7. Spatial distribution of time-averaged reattachment positions for each Reynolds number case. 

 

Above mentioned feature of the flow reattachment can also be confirmed in Fig. 2-8 which 

illustrates the time-averaged velocity vectors corresponding to each representative case in Fig. 2-7 

(a)-(d). Here, the reattachment points are superimposed on each figure. In Fig. 2-8 (a), at the low 

Reynolds number of 200, flow near the bottom wall seems to be almost stable. A flow downstream 

from the side wall toward the central part of the channel is apparent and seems to dominate the flow 

near the bottom wall. Large flow recirculation could be observed, though the flow inside there is three 

dimensional. As the Reynolds number is increased, the flow near the central part of the duct begins 

to contain another type of reattachment flow. Owing to the large interaction between the flow from 

the side wall and that from the central part, a relatively large and unstable flow structure is generated 

0.1 0.2 0.3 0.4 0.50
0

2

4

6

8

10

12

14

16

 Re=400

 Re=450

 Re=500

 Re=550

x/
S

z/WD

0.1 0.2 0.3 0.4 0.50
0

2

4

6

8

10

12

14

16

 Re=600

 Re=650

 Re=700

 Re=750

x/
S

z/WD

0.1 0.2 0.3 0.4 0.50
0

2

4

6

8

10

12

14

16

 Re=800

 Re=850

 Re=900

 Re=950

 Re=1000

x/
S

z/WD

(a) (b)

(c) (d)

0.1 0.2 0.3 0.4 0.50
0

2

4

6

8

10

12

14

16

 Re=300 (Iwai et al. [6])

x/
S

z/WD

 Re=200

 Re=250

 Re=300

 Re=350



 

40 

near the central part of the duct and this produces the large variation of the reattachment position as 

shown in Fig. 2-8 (b). Flow structure inside the flow recirculation region turns to be complicated. As 

the Reynolds number is further increased in Fig. 2-8 (c), the unstable flow invades toward the side 

wall and seems to temporarily block the flow toward the downstream side. This is thought to be one 

of the causes of the discontinuous reattachment point there. In Fig. 2-8 (d), smaller unstable flow 

structures occupy largely over the entire channel width through the flow from the side wall is still 

observed. 

 

 

Fig. 2-8 Time-averaged velocity vectors in the x-z plane near the bottom wall. 
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2.3.3 Spatial distributions of the existence probability of the reattachment points 

To further investigate and more clearly clarify the spatial variations of the reattachment 

phenomena on the bottom wall as time advances, Fig. 2-9 shows the distributions of their existence 

probability for the representative cases (Re=200, 400, 600, 800). The locations where the streamwise 

velocity took zero were detected spatially at each time frame. The time-averaged reattachment plot 

marked with a small transparent circular symbol ○ is also superimposed on each figure. From Fig. 

2-9 (a). 

At a low Reynolds number of 200, it is found that a high probability value was observed almost 

around the time-averaged reattachment position. The variation of the instantaneous reattachment 

points is not large, which implies that the flow is quite stable. As the Reynolds number is increased 

shown in Fig. 2-9 (b), the value becomes a little bit smaller and the existence area of the flow 

reattachment becomes wider. Especially, near the center of the duct, a relatively wide value area exists 

showing the time-dependent fluctuations with short and long flow reattachments. Near the side wall, 

the possibility turns to be the largest in the most upstream position, indicating that here seems to be a 

stagnant point. The reattachment points swing back and forth in the streamwise direction around this 

point. Then in Fig. 2-9 (c), near the central part of the duct, although the high value remains in a 

narrow area along with the time-averaged plots, the low-value area spreads much wider appearing 

closer toward the step and toward the side wall. This means that the time variation of the flow 

reattachment becomes weak but more frequently occurs near the backward-facing step. Here, it is 

worth to mention that near the side wall around z/WD=0.35, high probability values are distributed 

discontinuously and much closer to the side wall. Since the high-value area along the time-averaged 

reattachment plots is as narrow as that seen in Fig. 2-9 (a), the flow near the side wall may still be 

stable there. On the other hand, at the region 0.3<z/WD<0.4, since relatively high value distributes 

wider around the time-averaged plots, more unstable reattachment affected from the central part of 

the duct occurs. Thus, a disconnection appearing here seems to show the boundary between the flow 

dominated by the side wall effect and the flow reattaching with time fluctuation near the central part 

of the duct. As the Reynolds number is increased, the unstable reattachment flow seen at the central 

part of the duct becomes more dominated over the whole area of the channel. The disconnection near 

the side wall cannot be distinguished any more under the control of this unsteady flow.  

Figure 2-10 also shows the instantaneous reattachment point fluctuation range as the increase of 

Reynolds number in the x-z plane. The shapes of the reattachment point fluctuation range near the 

side wall and the center of the duct are different. Near the center of the duct, the general trend is that 



 

42 

the fluctuation range increases and then decreases as the increase of Reynolds number, and the 

variation range is larger than that near the side wall. The maximum reattachment variation appears at 

Re=600, which is consistent with the existence distribution at Re=600. 

 

 

Fig. 2-9. Existence probability of the reattachment position near the bottom wall. 
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Fig. 2-10. Reattachment point fluctuation range in the x-z plane on the bottom wall. 
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2.3.5 Time-averaged velocity vector 

2.3.5.1 Time-averaged velocity vector in the x-y plane 

Figure 2-12 (a) to (f) show the distribution of the time-averaged velocity vector �̅� − �̅�  at 

Re=400, 700, and 900 in the spanwise direction position z/WD=0.0 and 0.4, respectively. Here, ▲ in 

each figure indicates the time-averaged reattachment position in the x-y plane near the bottom wall, 

▼  and ▼  indicates the time-averaged separation position and the time-averaged reattachment 

position in the x-y plane near the upper wall. To make sure that all the time-averaged reattachment 

points, separation points near the bottom wall and upper wall are included in one cross-section, the 

coordinate settings for each case are not the same. For the Re=400 case, at z/WD=0.4, the x/S range 

was chosen from 4 to14, which is different from that at z/WD=0.0 and other Reynolds number cases. 

From Fig. 2-12, a backflow region (hereinafter referred to as a circulation region) could be 

confirmed near the bottom wall surface downstream of the step at each spanwise direction position. 

The time-averaged reattachment position in the vicinity of the bottom wall exists downstream of this 

region. The circulation region changes in each spanwise direction position and becomes smaller as it 

approaches the side wall from the center of the duct. As a result, the time-averaged reattachment 

position has moved upstream. 
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Fig. 2-11. Local Nu number distribution on the bottom wall (half width of the duct). White plots 

represent reattachment points. 
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Fig. 2-12. Mean velocity vectors in the x-y plane for Re=400, 700, 900 at z/WD=0.0 and 0.4. 
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x/S=14, z/WD=0.4-0.5. A longitudinal vortex like flow rotating counterclockwise could be observed 

around z/WD=0.47 at x/S=14.  

Next, from Fig. 2-14, downwash flow could be seen near the side wall at x/S = 10. In addition, 

at x/S=12, some small vortex structure could be confirmed at z/WD=0.05, 0.12, 0.2, and 0.4. 

Furthermore, at downstream x/S=14, the number of vortex structures decreases and appears only at 

z/WD = 0.12, 0.4. The vortex structure cannot be confirmed downstream thereafter. Compared with 

the existence possibility distribution map of the reattachment position of the bottom wall, there is a 

region where there is no reattachment position at z/WD = 0.4 to 0.5, around x/S = 14. This is thought 

to be caused by the flow rising and falling above this area near the side wall, which could be 

determined in the y-z plane at x/S=14. 

In Fig. 2-15, the downwash flow could also be confirmed near the side wall at x/S=10. When 

x/S=10, z/WD=0.08, 0.12, 0.22, 0.27, the vortex structure whose rotation direction is paired can be 

confirmed. Furthermore, at x/S=12, similar vortices were confirmed at z/WD =0.05, 0.1, 0.15, 0.2, 0.3, 

and 0.4. This vortex structure is like that from Inaoka’s report [23] (Inaoka, 2013), in which it was 

found that for a wide variety of the flow Reynolds number ranging from laminar (1000) to turbulent 

(10000) flow regions, these vortex structures could not be seen after Re=3000. Therefore, this vortex 

structure is considered to occur between Re=700, where the unsteadiness of the mainstream becomes 

stronger, and Re=3000, where turbulence occurs. 

The position near the side wall where the local Nusselt number is highest coincides with the 

position where the longitudinal vortex flow. From this, it is considered that a reason why the heat 

transfer near the side wall is improved is this kind of longitudinal vortex flow. Also, for Re = 700 and 

900, the position where the local Nusselt number is high and the position where the vortex structure 

is seen are in the vicinity of the duct center (z/WD = 0.0 to 0.2) and the side wall (z/WD = 0.3). These 

vortex structures are thought to affect heat transfer distribution. 
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Fig. 2-15. Mean velocity vectors in the y-z plane of Re=900 for x/S=10, 12, 14 and 16. 
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2.3.6 Temporal change of the instantaneous flow structure 

The temporal change of the instantaneous flow structure is examined in this section. Figures 2-

16, 2-17, 2-18 show the dimensionless instantaneous velocity component in the streamwise direction 

and the instantaneous velocity vector at z/WD=0.0, 0.4 for Re= 400, 700, 900. t*=t*Um0/S was used 

to normalize t. Fig. 2-16 shows four figures at 4.2Δt* interval, Fig. 2-17. and 2.20 show four figures 

at 2.0Δt* interval. 

The upper side of Figs. 2-16, 2-17, 2-18 show the flow structures at the center of the duct 

(z/WD=0.0), it is found that the mainstream meanders downstream at z/WD = 0.0. Further downstream, 

the mainstream diffuses and the flow becomes slow. In addition, a blue region with a negative velocity 

component is observed near the bottom and upper walls, indicating that there are circulation regions 

near the bottom and upper walls. Therefore, looking at the instantaneous velocity vector, one or two 

clockwise transverse vortices are generated on the mainstream bottom wall side. At the same time, 

one to three counterclockwise transverse vortices are generated on the mainstream upper wall side.  

From the lower side of Figs. 2-16, 2-17 and 2-18, the meandering magnitude of the mainstream 

near the side wall was smaller than that near the center duct. The circulation region near the bottom 

wall becomes smaller and that near the upper wall becomes larger compared with the center case, and 

the movement of the circulation region is small but it does move with time. In addition, multiple 

counterclockwise transverse vortices are generated near the upper wall surface in Fig. 2-16, and one 

or two are generated in Figs. 2-17 and 2-18. It was, as described in Fig. 2-12, a small time-averaged 

circulation region appears near the upper wall of the time-averaged velocity vector diagram in the x-

y plane near the side wall (z/WD=0.4). From this, it is considered that the cause is the small movement 

of the counterclockwise transverse vortex. As the duct approaches the side wall, the movement of the 

clockwise vortex near the bottom wall and the counterclockwise vortex near the upper wall become 

smaller. 
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Fig. 2-16. Instantaneous velocity vectors and instantaneous velocity component in the x-y plane at 

z/WD=0.0 (the upper figure) and z/WD=0.4 (the lower figure) for Re=400.  
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Fig. 2-17. Instantaneous velocity vectors and instantaneous velocity component in the x-y plane at 

z/WD=0.0 (the upper figure) and z/WD=0.4 (the lower figure) for Re=700.  
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Fig. 2-18. Instantaneous velocity vectors and instantaneous velocity component in the x-y plane at 

z/WD=0.0 (the upper figure) and z/WD=0.4 (the lower figure) for Re=900.  
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2.3.7 Time trace of the instantaneous reattachment position 

2.3.7.1 Temporal change of instantaneous reattachment position near the bottom wall 

Figure 2-19 (a)-(f) shows the time-series changes of the instantaneous reattachment position near 

the bottom wall surface at z/WD= 0.0 and 0.4. The horizontal axis is the dimensionless time defined 

by the step height S and the time-averaged cross-sectional velocity Um0. The red solid line indicates 

the time-averaged position of the reattachment point, and the reattachment position at each time is 

indicated by a small circle ○. 

From Fig. 2-19, the temporal change in the instantaneous reattachment position varies with the 

spanwise direction at each position. First, at z/WD=0.0 near the center of the duct in Fig. 2-19 (a), the 

instantaneous reattachment position occurs at x/S=11 and moves to x/S=15 as time passes. After that, 

a new instantaneous reattachment position appears on the upstream side, and the repeated periodicity 

is observed. This result is like that of direct numerical analysis by Le et al. [2, 24]. Next, at z/WD=0.4 

in Fig. 2-19 (b), the temporal change of the instantaneous reattachment position does not show a 

periodic change compared to that near the duct center. This is because the z-direction velocity Wm 

became dominant due to the influence of the downwash flow as in Fig. 2-13, it is thought that the 

time-dependent change in the instantaneous reattachment position became different because the x-

direction velocity u turned to be zero. The law of these periodic changes and location variation of 

instantaneous points could also be identified in Fig. 2-9, that is, near the center of duct, instantaneous 

reattachment points vary along the streamwise direction with a wide range and high periodicity, while 

near the side wall, the distribution of non-periodic instantaneous reattachment points is more 

concentrated in a narrow variation region. 

In Fig. 2-19 (c), the periodic change was less obvious than that in Fig. 2-19. (a). In Fig. 2-19 (d), 

near the side wall shows the behavior of the instantaneous reattachment point like Fig. 2-19 (b), but 

it tends to move downstream. It worth mentioning that the instantaneous reattachment points move 

back and forth around two time-averaged reattachment positions (x/S=11 and x/S=13), which is 

greatly consistent to the disconnection phenomenon in Fig. 2-7 (c). The instantaneous reattachment 

points around x/S=13 are not always appearing as time advances. 

In Fig. 2-19 (e) and (f), the increase of the Reynolds number brought a small change of 

instantaneous flow reattachment, the behavior of the instantaneous reattachment point shows no 

obvious periodicity neither near the center of the duct nor near the side wall. 
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Fig. 2-19. Time trace of the instantaneous reattachment position near the bottom wall of Re=400, 700, 

and 900 for z/WD=0.0 and 0.4. The red line represents the time-averaged reattachment point while the 

small circle indicates the instantaneous reattachment point at each flame. 
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2.3.7.2 Temporal change of instantaneous separation position near the upper wall 

Figure 2-20 (a)-(f) show time-series changes in the instantaneous separation position near the 

upper wall. The horizontal axis is the dimensionless time defined by the step height S and the time-

averaged cross-sectional velocity Um0. The solid green line in the figure shows the time-averaged 

separation position, and the instantaneous separation position at each time is indicated by a small 

circle ○. 

From Fig. 2-20 (a), when z/WD=0.0 for Re=400, instantaneous separation points appearing at 

regular intervals could be observed, similar to the results of Le et al. [25] (Le, et al., 1997). The 

periodicity of the reattachment points on the upper wall is much shorter than that near the bottom 

wall. From Fig. 2-20 (b), no periodic change could be confirmed at z/WD=0.4 near the side wall. At 

Re=700, the moving speed of the instantaneous separation position is constant downstream of the 

time-averaged separation position. This is thought to be due to the occurrence of an instantaneous 

separation position upstream of the region where mainstream diffusion occurs, as in Fig. 2-16. Next, 

in the vicinity of the side wall z/WD=0.4 for Re=700, the temporal change of the instantaneous 

separation position has a complex distribution, and no clear periodicity can be seen. The instantaneous 

separation points are separated by the time-averaged separation line. As for Re=900, the periodic 

instantaneous separation position with a narrow variation range could be observed both near the side 

wall and the duct center. No matter near the center of the duct or the side wall, the periodicity becomes 

more and more obvious and the range of separation variation is becoming more and more 

concentrated as the increase of Reynolds number. 

 

2.3.7.3 Temporal change of instantaneous reattachment position near the upper wall 

Figures 2-21 (a)-(f) show time-series changes in the instantaneous reattachment position near 

the upper wall. The solid red line and the small plot are also shown in these figures. As the 

reattachment point and separation point are located upstream and downstream of the secondary 

recirculation zone (the first recirculation zone is located immediately downstream of the step), it could 

be observed that the periodicity of the instantaneous reattachment position and the instantaneous 

separation position are highly consistent for each Reynolds number case. This consistent periodicity 

can represent the periodicity of the secondary recirculation zone. 
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Fig. 2-20. Time trace of the instantaneous separation position near the upper wall of Re=400, 700, 

and 900 for z/WD=0.0 and 0.4. The green line represents the time-averaged reattachment point while 

the small circle indicates the instantaneous reattachment point at each flame.  
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Fig. 2-21. Time trace of the instantaneous reattachment position near the upper wall of Re=400 for 

z/WD=0.0 and 0.4. The red line represents the time-averaged reattachment point while the small circle 

indicates the instantaneous reattachment point at each flame. 
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Table 2-1. Periodicity investigation of reattachment and separation position. 

Center or side Re=400 Re=700 Re=900 

Reattachment position near the bottom center (Reabc) 14.05   

Reattachment position near the bottom side wall (Reabs)    

Separation position near the upper center (Sepuc) 7.01 5.10 6.14 

Separation position near the upper side wall (Sepus)   4.58 

Reattachment position near the upper center (Reauc) 7.54 5.41 6.57 

Reattachment position near the upper side wall (Reaus)   5.06 

 

 

Fig. 2-22. Periodicity investigation of reattachment and separation position. 
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is much larger than that on the upper wall, and decreases with the increase of Reynolds number. A 

similar tendency and value occur between the reattachment position and separation position near the 

upper wall, no matter near the duct center or the side wall. The period of the secondary recirculation 

zone which is connecting the separation and reattachment position near the upper wall could be 

estimated by that of reattachment position or separation position. 
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2.3.8 Velocity fluctuation intensity distribution 

2.3.8.1 Velocity fluctuation intensity distribution in the flow direction 

Figures 2-23 (a)-(f) show the distribution of the value urms/Um0 obtained by the fluctuation 

intensity urms of flow direction velocity component u and the cross-sectional average velocity Um0. 

The position of the time-averaged reattachment point on the bottom wall is indicated by ▲, the time-

averaged reattachment position on the upper wall is indicated by ▼, and the time-averaged separation 

position is indicated by ▼. The maximum Nusselt number position of the bottom wall surface in each 

spanwise direction is indicated by ↑ hmax. In order to make sure that all the time-averaged 

reattachment points, separation points, hmax points are included in one cross-section, the coordinate 

settings for each case are not the same. For the Re=400 case, at z/WD=0.4, the x/S range was chosen 

from 4 to14, which is different from that at z/WD=0.0 and other Reynolds number cases. 

From Fig. 2-23 (a), in the center view of the duct (z/WD=0.0), the fluctuation intensity is high in 

the region downstream from the reattachment point position (x/S＞14). Therefore, when compared 

with the instantaneous velocity vector described in Fig. 2-16, this region coincides with the position 

where the clockwise transverse vortex movement is observed. And the velocity fluctuation on the side 

wall (z/WD=0.4) which is presented in Fig. 2-23 (b) is smaller in the entire flow path than that in the 

vicinity of the center duct. The relatively large fluctuation appears after the secondary recirculation 

zone near the upper wall (12＜x/S＜14), which makes the mainstream strongly meander and diffuse 

thereafter.  

In Fig. 2-23 (c), the fluctuation becomes much stronger, and the fluctuation intensity increases 

near the upper side of the time-averaged reattachment position (y/S=1.5). Therefore, it is located at a 

position where the mainstream meanders comparing to the instantaneous velocity vector diagram of 

Fig. 2-17. On the other hand, the value of the fluctuation intensity is also large near the side wall in 

Fig. 2-23 (d).  

In Fig. 2-23 (e) and (f), fluctuation appears prominently, and the high fluctuation intensity values 

exist near the upper and bottom walls in the vicinity of the side wall and the center of the duct. Pay 

attention to the side wall for all Reynolds number cases, the maximum fluctuation intensity moves 

closer to the bottom side and also closer to the secondary recirculation zone (14＜x/S＜16) near the 

upper wall as the increase of Reynolds number. 

The regions with high fluctuation intensity values for the maximum Nusselt number position on 

the bottom wall of each figure were compared. First, in Fig. 2-23. (a), the maximum Nusselt number 
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position is located slightly downstream of the time-averaged reattachment position near the duct 

center. Looking at the value of the fluctuation intensity, it becomes higher at the upper wall on the 

downstream side (after x/S=15.6) of the time-averaged reattachment position and does not agree with 

the maximum Nusselt number position. The high fluctuation near the upper wall has small effects on 

the heat transfer near the bottom wall there. The distance between the maximum Nusselt number and 

the time-average reattachment position is much larger than that near the center duct. Next, in Fig. 2-

23 (c), the position of the maximum Nusselt number is located on the bottom wall where the 

fluctuation intensity value is relatively high. From this, it is considered that one factor that improves 

the heat transfer in the middle of the channel and the vicinity of the side wall is the fluctuation of the 

flow. Near the side wall, the high fluctuation intensity position is also located right above the 

maximum Nusselt number position. The same tendency could be observed in Fig. 2-23 (e) and (f), 

the maximum Nusselt number is shown at the position where the fluctuation intensity value is high.   

 

2.3.8.2 Velocity fluctuation intensity distribution in the step height direction 

Figures 2-24 (a)-(f) show the distribution of the value vrms/Um0 obtained by the fluctuation 

intensity vrms of wall-normal velocity component v and the cross-sectional average velocity Um0. The 

coordinate axes and plots in the figure are the same as in Fig. 2-23. 

From Fig. 2-24 (a), although the fluctuation intensity value is smaller than that in the flow 

direction, the tendency of the fluctuation intensity value to be higher on the downstream side of the 

time-averaged reattachment position is the same. It is thought that the factor that increases the 

fluctuation intensity is the movement of the transverse vortex that exists on the bottom wall from Fig. 

2-16. Near the side wall in Fig. 2-24 (b), the flow is thought to be steady because the value of the 

fluctuation intensity in both streamwise and spanwise directions is small. 

From Fig. 2-24 (c), the value of the fluctuation intensity is high near x/S=12, y/S=1.0. This 

tendency is the same as Fig. 2-23 (c), which shows the fluctuation intensity in the flow direction. The 

cause of the increase in fluctuation intensity is the mainstream meandering. In Fig. 2-24. (e) and (f) 

as well, although the fluctuation intensity value in the entire channel is smaller than that in the flow 

direction. The maximum Nusselt number position could not be found a large relationship with the 

velocity fluctuation in the height direction. 
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Fig. 2-23. Velocity fluctuation intensity distribution of flow direction of Re=400, 700, and 900 for 

z/WD=0.0 and 0.4. Red triangular plots ▲ denote the time-averaged reattachment point on the bottom 

wall. Black triangular plots ▼ denote the time-averaged reattachment point on the upper wall. Green 

triangular plots ▼ denote the time-averaged separation point on the upper wall. ↑hmax denotes the 

maximum Nusselt number points on the bottom wall. 
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Fig. 2-24. Velocity fluctuation intensity distribution of wall normal direction of Re=400, 700, and 900 

for z/WD=0.0 and 0.4. Red triangular plots ▲ denote the time-averaged reattachment point on the 

bottom wall. Black triangular plots ▼ denote the time-averaged reattachment point on the upper wall. 

Green triangular plots ▼ denote the time-averaged separation point on the upper wall. ↑hmax denotes 

the maximum Nusselt number points on the bottom wall. 
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2.3.8.3 Velocity fluctuation intensity distribution for different height and streamwise directions 

Figure 2-25 (a) and (b) show the distribution of the value urms/Um0 obtained by the fluctuation 

intensity urms of each spanwise flow direction velocity component u and the cross-sectional average 

velocity Um0. 

From Fig. 2-25 (a), the maximum value is obtained at x/S = 16 and y/S = 0.8 at the center of duct 

z/WD=0.0. In addition, the convex shape of the maximum value becomes gentler as it goes 

downstream. This is thought to be because the transverse vortex shown in Fig. 2.16 decreases and 

disappears as it moves downstream. The position of the maximum value changes to the upper wall 

side as it goes to the side wall. In addition, the value of the fluctuation intensity on the bottom wall 

tends to be smaller, the behavior of the transverse vortex on the bottom wall surface turns to be 

smaller. 

From Fig. 2-26, the same tendency as in Fig. 2-25. On the other hand, the maximum value is 

taken on the upper wall, and the value becomes higher as it goes downstream, it seems to be higher 

due to the meandering mainstream. Furthermore, the region with higher velocity fluctuation intensity 

values can be divided into two parts as the flow approaches the side wall. 

From Fig. 2-27, regions with high values of fluctuation intensity are generally larger than the 

other Reynolds number cases. The variation of fluctuation intensity near the duct center changes more 

moderate along the height direction.  

 

 

Fig. 2-25. Velocity fluctuation intensity of flow direction of Re=400 for z/WD=0.0 and 0.4. 
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Fig. 2-26. Velocity fluctuation intensity of flow direction of Re=700 for z/WD =0.0 and 0.4. 

 

 

Fig. 2-27. Velocity fluctuation intensity of flow direction of Re=900 for z/WD =0.0 and 0.4. 
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2.4 Conclusion and discussions 

In this study, in order to make clear the structure of BFS flow in a rectangular duct 

experimentally, Velocity measurements by PIV have been done at the low Reynolds number range in 

the BFS geometry configured by 240 mm wide, 30 mm high, and 15 mm step high, and mounted in 

a rectangular duct having an aspect ratio of 16 and an expansion ratio of 2. Attention was paid to 

grasp the spanwise variations of both the time-averaged and the instantaneous reattachment points 

and their relationships to the flow structures. The main results obtained in this study are summarized 

as follows: 

(1) The time-averaged reattachment position is changed in the spanwise direction in every case. 

The reattachment distributions can be classified into four patterns within the Reynolds number range 

(200≦Re≦1000). In the range of Re<400, the flow near the bottom wall is stable and reattaches 

more downstream at the center of the duct while it reattaches closer behind the step near the side wall. 

In the range of 400≦Re<550, flow reattachment begins to vary largely near the center of the duct 

owing to the unstable flow reattachment. This variation of the flow reattachment extends to the near 

wall region as the Reynolds number is increased (600≦Re<750). The dominant flow is changed from 

side wall flow to center flow, which leads to the disconnection between these two flow areas. As the 

Reynolds number is further increased (800≦Re), the unstable flow reattachment appears over the 

whole width of the duct. Owing to this, relatively short flow reattachment is realized in this relatively 

large Reynolds number range. 

(2) The periodicity of the instantaneous reattachment points on the bottom wall is more obvious 

in the lower Reynolds number (Re=400) near the duct center. It could not be observed any more near 

the side wall for all investigated Reynolds numbers. However, the instantaneous separation and 

reattachment points show more obvious periodicity near the upper wall as the increase of Reynolds 

number from Re=400 to Re=900. It can be inferred from the corresponding highly consistent periodic 

characteristics of the reattachment point and the separation point on the upper wall: A secondary 

recirculation area with an obvious periodicity appears near the upper wall.  

(3) Velocity fluctuation intensity distribution in the streamwise direction contributes more than 

that in the height direction to heat transfer enhancement near the bottom wall. 
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CHAPTER 3 

Three-dimensional Fluid Flow and Heat Transfer Characteristics of 

a BFS Flow in a Rectangular Duct 

 

3.1 Introduction 

Backward-facing step (BFS) flow which was applied to many heat exchanging devices was 

introduced as a basic model that involves the most important features of a separated and reattachment 

flow [1]. As is summarized in the review study of Chen et al. [2], early basic studies [3] mainly 

focused on theoretical models and experiments for reattachment length, friction, pressure variations. 

The aspect ratio of the stepped duct in most studies was set large and the spanwise direction of the 

flow path was set sufficiently, especially in the basic research works. However, in practical 

applications, the flow channel is thought to be a duct having side walls and upper walls, which cannot 

be ignored.  

Since the three-dimensional feature of the flow has been observed [4], new investigations 

focusing on the three-dimensional flow structures have been started and some useful results have 

been obtained. From this point of view, Iwai et al. [5, 6] have carried out the three-dimensional 

numerical computation changing the channel aspect ratios from 4 to 24 for the laminar flow regime. 

It was revealed that the existence of a side wall intensively affects the flow and thermal fields 

downstream the step and showed unique heat transfer distribution on the bottom wall. Intensive 

efforts have also been done by Nie and Armaly [7-9] using numerical and experimental methods. The 

aspect ratio was set to be 8 and reported that near the side wall, the jet-like flow impinges on the 

bottom wall from the step and causes the maximum local heat transfer there [8]. The fact that the flow 

reattachment region of the 3D duct case is quite different from that of the 2D case was published by 

Inaoka et al. [10, 11]. Some numerical predictions reported that 3D flow effects will become 

important when Re > 500 [12, 13], under low Re number conditions, and the 3D flow effects will 

become largely limited while the universal structure under high Re may dominant the flow after the 

step. However, the comparison between prediction and experiments does not agree well with each 

other in the low Reynolds number range, due to boundary and three-dimensional effects [14]. 

According to the review report of Chen et al. [2], the thermal effects on the BFS flow separation, 
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evolution of coherent structures, and reattachment process, which are very important for real 

applications, have rarely been discussed, there are not many experimental studies on heat transfer 

aspect, as the heating region (global or local) becomes more complicated. Experiments are mainly 

conducted in the high Re region, while numerical studies are mainly focused on the relatively low Re 

region.  

To sum up, three-dimensional heat transfer characteristics of backward-facing step flow in a duct 

at a low Reynolds number should be clarified. Therefore, in this study, referring to the report by 

Inaoka et al.[10, 11, 15], the heat transfer experiments of BFS flow in the duct with an aspect ratio of 

16 and an expansion ratio of 2 in the low Reynolds number range (400-900) were conducted. The 

local heat transfer coefficient of the bottom wall surface behind the step was measured from the center 

of the flow path to the side wall, and its heat transfer mechanism was investigated. In the heat transfer 

experiment, a thermo-sensitive liquid crystal method that shows different colors depending on the 

temperature was adopted to obtain the local heat transfer coefficient over the entire spanwise direction 

of the duct flow path. In addition, under typical flow conditions, velocity was measured by PIV 

(particle image velocimetry) to understand the characteristics of the flow velocity distribution and to 

consider the flow structure and its relationship with heat transfer. To realize this purpose, in detail, 

the time-averaged Nu and the maximum Nu, the ratio of maximum Nu over the entire wall to that in 

the duct centerline should be investigated both on the bottom wall and upper wall for a wide variety 

of the flow Reynolds number in the low Reynolds number range (Re=400-900).  

 

3.2 Experimental apparatus and procedures 

3.2.1 Experimental apparatus overview 

In this experiment, a closed channel using water as the working fluid which is mentioned in 

Chapter 2 was adopted. Fig. 3-1 shows a schematic diagram of the experimental apparatus. Fig. 3-2 

shows a schematic diagram of the test section which is a rectangular duct with a width WD=240 mm 

and a height H=30 mm, and a step with a height S=15 mm was installed inside. In this experiment, 

the Reynolds number defined by the step height S as the representative length was changed from 400 

to 900. The coordinate axis setting is the same as Chapter 2. In terms of the definition of velocity, u, 

v, w represent the velocity in the flow direction, wall-normal direction and spanwise direction, 

respectively. 
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Fig. 3-1. Closed water channel used in the present study flow in a duct. 

 

 

 

Fig. 3-2. Test section of a backward-facing step flow. 
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3.2.2 Heat transfer experiment procedure 

3.2.2.1 Heat transfer test section  

Thermal measurements were conducted each on the bottom wall and the upper wall of the BFS 

model, respectively. A thermo-sensitive liquid crystal sheet was adopted to measure the distributions 

of the local heat transfer coefficient on the bottom wall or upper wall downstream of the step. Since 

the heat transfer measurement method of the upper wall is the same as that of the bottom wall surface, 

here, the bottom wall representing the upper wall is utilized to describe the heat transfer experiment 

procedure.  

As shown in Fig. 3-3 (a), stainless steel foil was applied to the entire bottom wall for 31S length 

in the streamwise direction, the inner surface of the bottom plate was covered with thin stainless-steel 

foil strips of 47.2 mm wide, 470 mm long, and 20 µm thick, having 1 mm spanwise spacing with each 

other. These foil strips were connected electrically in series and were heated by passing an alternating 

current through them, a constant heat flux heating condition was established at the wall. Heat 

conduction loss toward the outside of the duct was neglected since its value was less than 0.3% of the 

total heat flux. The liquid crystal sheet of 75 µm thick was glued between the heater strips and the 

transparent bottom wall to monitor the local distributions of the bottom wall temperature [11]. The 

color distribution of a thermo-sensitive liquid crystal sheet (RW20-25 manufactured by Nippon 

Capsule Products Co., Ltd.) attached to the bottom wall surface of the stainless-steel foil was 

photographed by a CMOS camera (Nikon D7000) through a transparent acrylic bottom wall. As 

shown in Fig. 3-4, the relative luminance values of R, G, B colors were obtained from the acquired 

images, and the local wall temperature was obtained using SVR (Support Vector Regression) and 

MLP (Multilayer Perceptron) method [16] which will be illustrated in detail in the later section.
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Fig. 3-3. Illustration of the heat transfer experiment (a) and calibration experiment (b). 

 

 

Fig. 3-4. Measurement of the heat transfer coefficient. 
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3.2.2.2 Calibration experiment 

Calibration experiments were done before and after each heat transfer experiment to accurately 

associate the color information of the thermo-sensitive liquid crystal with the temperature. A 

calibration plate as shown in Fig. 3-3 (b) was used for calibration. The calibration plate is a copper 

plate ③ with a thickness of 100 mm × 100 mm and a thickness of 10 mm, and a rubber heater ④ 

is installed on the backside. In addition, to prevent external heat loss, a heat insulating material ⑥ 

is attached around the copper plate. In the experimental method, the copper plate is brought into close 

contact with the test surface, and the rubber heater is energized to heat the copper plate to an 

isothermal temperature. The image of the liquid crystal sheet was taken with the CMOS camera ② 

The temperature measured by one K-type sheath thermocouple ⑦ embedded in the copper plate was 

defined as the temperature of the temperature-sensitive liquid crystal. In the calibration experiment, 

the temperature of the calibration plate was changed from 20 ℃ to 25 ℃ at 0.2 ℃ intervals to obtain 

an 8-bit luminance value on the liquid crystal surface (See Fig. 3-5). Since the RGB luminance value 

obtained in this experiment includes color light information, even slight non-uniformity such as 

lighting is reflected in the output data, Eq. (3-1) was used as the r, g, b standard value for each 

temperature from which only the color components were extracted. 

r=R/X  g=G/X  b=B/X        X=R+G+B       (3-1) 

The r, g, b luminance values for each temperature obtained in this experiment are shown in Figure 3-

6. 

 



 

75 

 

Fig. 3-5. Illustration of a calibration experiment. 

 

 

Fig. 3-6. Relationship between r, g, b value and temperature TM. 
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3.2.2.3 Investigations of different regression methods for this experimental model 

Various regression methods such as Multilayer Perceptron (MLP), Light Gradient Boosting 

Machine (Light GBM), Convolutional Neural Network (CNN), and Support Vector Regression (SVR) 

were tentatively tried to build the relationship between the color information of the thermo-sensitive 

liquid crystal sheet and temperature value.  

Among the methods mentioned above, two methods called SVR and MLP will be briefly 

introduced per the comprehensive consideration for the number of samples, calculation accuracy, 

calculation cost, the difficulty of code construction. The main idea of SVR (Support Vector 

Regression) [17-21] is to minimize error, individualizing the hyperplane which maximizes the 

margin, and part of the error is tolerated [22]. SVR methods can be divided into linear SVR and non-

linear SVR corresponding to Fig. 3-7 and Fig. 3-8. ξ and ξ* are the slack variables in SVR, N means 

the number of samples, C is the regularization constant. w is the normal vector to the hyperplane. 

This is much like Hesse normal form, except that w is not necessarily a unit vector. For non-linear 

SVR, as illustrated in Fig. 3-8, the kernel functions transform the data into a higher dimensional 

feature space to make it possible to perform the linear separation [22]. In the calibration experimental 

case, RGB values are independent variables and corresponding temperatures are dependent variables. 

RGB (red, green, and blue) refers to a system for representing the colors to be used on a computer 

display. Red, green, and blue can be combined in various proportions to obtain any color in the visible 

spectrum. Levels of R, G, and B can each range from 0 to 100 percent of full intensity. Each level is 

represented by the range of decimal numbers from 0 to 255 (256 levels for each color). The total 

number of available colors is 256*256*256, or 16,777,216 possible colors. 

For building the relationship between these two kinds of variables, various tuned parameters 

such as kernel function including ‘linear’, ‘rbf’, ‘poly’, ‘sigmoid’ methods, ‘gamma’ which implicitly 

determines the distribution of data after mapping to the new feature space, penalty parameter ‘c’ 

which is the tolerance of error and so on were adopted. The grid search provided by GridSearchCV 

(Python 3.6.8) exhaustively generates candidates from a grid of parameter values mentioned above. 

All the possible combinations of parameter values are evaluated and the best combination is retained. 

The maximum and average temperature differences between the measured temperature by a 

thermocouple and the predictive value by the SVR method were 0.053 ℃ and 0.0014℃ which are 

much smaller than the measurement accuracy of the thermocouple.  
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Fig. 3-7. Illustration of linear SVR method.  

 

Fig. 3-8. Schematic diagram of transformation from non-linear SVR to linear SVR using a Kernel 

function. 

 

An MLP [23, 24] (or Artificial Neural Network-ANN [25-27]) with double hidden layers was 

adopted and can be represented graphically as follows: 

Formally, a one-hidden-layer MLP is a function 𝑓：𝑅𝐷 → 𝑅𝐿 , where D is the size of input 

vector m and L is the size of the output vector f(m), such that, in matrix notation: 

f(m)=G(b(2)+W(2)(s(b(1)+W(1)m)))                     (3-2) 

with bias vectors b(1), b(2); weight matrices W(1), W(2) and activation functions G and S.  

n=wm+b 
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The vector ℎ(𝑚)  Φ(𝑚)  𝑠((𝑏(1) +𝑊(1)(𝑚))  constitutes the hidden layer. 𝑊(1) ∈

𝑅𝐷×𝐷ℎ  is the weight matrix connecting the input vector to the hidden layer. Each 

column  𝑊𝑖
(1)  represents the weights from the input units to the i-th hidden unit. Typical Kernal 

functions for s include tanh, with tanh (𝑎)  (𝑒𝑎  𝑒−𝑎)/(𝑒𝑎 + 𝑒−𝑎) , or the 

logistic sigmoid function, with sigmoid(𝑎)  1/(1 + 𝑒−𝑎) . In the case of RGB-temperature case, 

kernel function “tanh” was adopted because of its high precision for this case. The output vector is 

then obtained as o(𝑚)    𝐺(𝑏(2) +𝑊(2)ℎ(𝑚)).  

Figure 3-9 shows the structure of the neural network (MLP) used to calculate the temperature 

Tw from the r, g, b standard value which is obtained by the above equation as an input layer and 

outputs it via a hidden layer. Here, the white circles in the hidden layer and the output layer are 

neurons, and the red circles, green circles, and blue circles in the input layer indicate the rgb standard 

value data of the input layer, respectively.  

 

 

Fig. 3-9. Illustration of the MLP structure. 
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In the multilayer perceptron, the weights are updated using the stochastic gradient descent 

method. 

𝑤 𝑖,𝑡+1

( +1)  𝑤 𝑖,𝑡
( )  𝜖

𝜕𝐸𝑛

𝜕𝑤 𝑖,𝑡
( )

 (3-3) 

where 𝑤 𝑖,𝑡+1
( +1)

 is the weight from the ith unit in the (l-1) layer to the jth unit in the lth layer, 𝑤 𝑖,𝑡
( )

 is 

the weight from the ith unit of the lth layer to the jth unit of the (l + 1)th layer, the learning rate is ϵ, and 

when En called the square error is higher than the set threshold, backpropagation will be carried out, 

𝜕𝐸𝑛

𝜕 
𝑗𝑖,𝑡
(𝑙)  will be calculated [27]. 

The activation function sigmoid function [28] is 𝑔(𝑥)  
1

1+exp (−𝑥)
 Partial differentiation of the 

squared error En with respect to the output layer weights 𝑤 𝑖,𝑡
( )

 can be expressed as: 

𝜕𝐸𝑛

𝜕𝑤 𝑖,𝑡
( )
 

𝜕

𝜕𝑤 𝑖
( )

1

2
(𝑡  𝑔(  

( )
))2 (3-4) 

𝜕𝐸𝑛

𝜕 𝑗𝑖,𝑡
(𝑙)  (𝑔(  

( )
)  𝑡 )𝑔(  

( )
) (1  𝑔(  

( )
))𝑔( 𝑖

( −1)
)    (3-5)  

In addition, the weight of the hidden layer is obtained by partially differentiating the square error 

En with the weight 𝑤 𝑖
( )

 of the hidden layer. 

𝜕𝐸𝑛

𝜕𝑤 𝑖
( )
 
𝜕𝐸𝑛

𝜕  
( )

𝜕  
( )

𝜕𝑤 𝑖
( )
 𝛿 

( )
𝜕  

( )

𝜕𝑤 𝑖
( )

 (3-6) 

Therefore, 

𝜕𝐸𝑛

𝜕𝑤 𝑖
( )
 (∑𝛿𝑘

( +1)

𝑘

𝑤𝑘 
( +1))𝑔(  

( )) (1  𝑔(  
( )))𝑔( 𝑖

( −1)) (3-7) 

When updating the weight of the hidden layer l, 𝛿𝑘
( +1) of the next layer (l+1) is required, and δ 

in the output layer is obtained from the difference between the output value and the teacher data. This 

was propagated from the output layer to the input layer, and the weight of the intermediate layer was 

changed so that the square error was reduced. Here, n is the number of data sets of rgb value and 

temperature  𝑀 was shown above. In this study, learning was performed in the range of 20 ℃ to 

25 ℃, and the stochastic gradient descent method was used for learning. 
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The most suitable combination of the number of hidden layers and the number of neurons was 

explored in the previous research by control variates method, that is, firstly the number of hidden 

layers was controlled to be the empirical value of 3, the number of neurons was changed from 0 to 

1000 in each layer. The RMS (Root Mean Square) value between the predictive temperature Tp and 

calibration temperature Tc was the smallest (0.031) when the number of neurons is 15 (See Fig. 3-10 

(a) ), here, the RMS is defined as eq. (3-8).  

RMS  √∑( 𝑝   𝑐)2                       (3-8) 

then the number of neurons in each layer was fixed and the number of hidden layers was 

changed, the minimum value of RMS (0.0037) appears when the number of layers is 5 (see Fig. 3-10 

(b) ). Finally, the neural network structure represented graphically in Fig. 3-11 was confirmed. 

 

 

Fig. 3-10. Investigation of the most suitable number of neurons and layers. 
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Fig. 3-11. MLP structure. 

 

In general, the size of the training and testing set was arranged into 10% testing and 90% training. 

The training set includes the r, g, b value under the corresponding temperature from 20.0 to 25.0 ℃ 

with 0.2 ℃ interval except for 20.0, 22.0, 24.0℃ which were put into the testing set as shown in Fig. 

3-12 (a) and Fig. 3-12 (b). Comparing the average relative error of ten calculation results of SVR 

(0.14％) and MLP (0.031％), MLP was finally chosen as the regression model. The result of the 

relationship between calibration value and predictive value is shown in Fig. 3-12 (c), which indicates 

the reliability of the MLP method for this rgb-temperature conversion model.  

In addition, the theoretical value and empirical formula [29] of the local heat transfer coefficient 

of the bottom wall surface near the center of the flow path in the parallel plate flow were obtained. 

When the laminar flow in the circular tube is heated by constant heat flux heating and the flow is 

fully developed at the starting point, the empirical heat transfer coefficient in the flow direction was 

calculated in Eq. (3-9) [29].  

  𝑡(𝑙)  5.364{1+ (220𝑙+ π⁄ )−10 9⁄ }
3 10⁄

 1.0 (3-9) 

𝑙+  
𝑙 𝑑⁄

𝑅𝑒 ∙ 𝑃𝑟
 (3-10) 

where l is the distance from the heating start point, d is the equivalent diameter, Pr is the Prandtl 

number. 
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Fig. 3-12. Result of calibration test of thermo-sensitive liquid crystal method. 
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Since the flow path in this experiment is a rectangular flow path, the equivalent diameter d that 

can be obtained by using the flow path cross-sectional area B (240∙15 mm2) and the wetted perimeter 

L (2∙(240+15) mm) through the following equation: 

d=
4∙𝐵
𝐿

          (3-11) 

Regarding the parameters of this experiment, the local heat transfer coefficient h(l) at the 

position l in the flow direction from the duct inlet could be expressed as: 

ℎ(𝑙)    [  (𝑙)    (𝑙)]⁄          (3-12) 

where Tw (l) is the temperature on the bottom wall, Tm (l) is the bulk temperature, qw is the constant 

heat flux on the bottom wall. Eq. (3-13) is the definition of Tm (l): 

  (𝑙)   0 + �̇� (𝑐𝑝�̇�)⁄  (3-13) 

Where T0 is the fluid temperature at the inlet, �̇� is the heat transfer rate on the bottom wall, cp is the 

specific heat at constant pressure and �̇� is the mass flow rate. 

Therefore, to unify the unit and compare with the theoretical value in this section, the 

experimental value of the local Nusselt number is defined by Eqs. (3-14) as follows: 

  𝑒(𝑙)  
ℎ(𝑙) ∙ 𝑑

𝜆
 (3-14) 

The buoyancy could be ignored under Ri=0.03 within the experimental Reynolds number range, 

the modified Richardson number Ri* was used to investigate the effect of buoyancy (Eq. (3-15)). 

Ri* 
Gr∗

𝑅𝑒2
 (3-15) 

where the modified Grashof number 𝐺𝑟∗ is defined as Eq. (3-16): 

Gr* 
𝑔𝛽𝑞𝑆4

𝜇2𝜆
 (3-16) 

where 𝑔 is gravitational acceleration, β is the volume expansion coefficient. 

To verify the precision of the MLP method and reliability of the liquid crystal method, validation 

experiments were done in advance in the normal parallel flow shown in Fig. 3-13 (a), and the Nu 

distribution along the center line on the bottom wall was compared with the theoretical value, the 

relative error was 4.8%. Then the heat transfer experiments were done on the bottom wall and upper 

wall respectively (See Fig. 3-13(b), and Fig. 3-13(c)). 
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The validity of the heat transfer coefficient distribution measurement of the BFS flow should be 

evaluated. For this, the local heat transfer coefficient of the wall surface of the parallel plate flow was 

calculated, and the obtained experimental value was compared with the theoretical value [30]. The 

measurement accuracy of the local heat transfer coefficient was examined. As shown in Fig. 3-14, by 

comparison, it could be seen that the discrepancies between the experimental value and theoretical 

value are large on the upstream side. It is considered that the temperature difference between the 

mainstream temperature and the wall surface temperature was large on the upstream side where heat 

transfer is actively performed, and the error in calculating the local wall surface temperature is greatly 

affected. However, except for these regions, for the downstream after x/S = 3.3, the experimental 

Nusselt number value along the bottom center line of the parallel flow has great correspondence with 

the theoretical value. The relative error after x/S=3.3 was 2.7%, which indicates the correctness of the 

MLP method and reliability of the experimental condition. 
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Fig. 3-13. Heat transfer measurement setup. (a) Bottom wall heated for parallel plated flow case; (b) 

Bottom wall heated for stepped flow case; (c) Upper wall heated for stepped flow case. 
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Fig. 3-14. Streamwise distribution of Nu along the center line of the parallel-plate channel. 

 

3.3 Results and discussions 

3.3.1 Distributions of heat transfer coefficient on the bottom wall 

Figures 3-15 (a)–(f) show the distribution of the local Nu on the bottom wall for the 

representative Reynolds numbers (400, 500, 600, 700, 800, 900), x-coordinate represents the flow 

direction and z-coordinate represents the spanwise direction. z/WD=0 represents the duct center and 

z/WD=±0.5 represents the side wall. As is mentioned in the previous section, the stainless-steel foil 

strips have 1mm spanwise spacing with each other, in order to make the Nusselt number in the 

spanwise direction look more continuous, at the same time, make sure the focused region and the 

corresponding tendency are not destroyed. The interpolation method was applied to remove these 

spacings. According to the data on both sides of the spacing, the spacing was filled with the data after 

interpolation. 

For all cases, a large heat transfer deterioration area is generated just behind the step, and 

increases along the streamwise direction then decreases after the peak value. The most noticeable 

point is that, the maximum Nu value appears near the side wall. In the low Reynolds number range, 

the heat transfer distribution is similar to that in the research of Iwai et al. [5], and Nie et al. [31]. The 

contour is integrated with reattachment points extracted by PIV experiments. As mentioned in 

Chapter 2, the reattachment point is a collection of a series of points along the spanwise direction 

where the streamwise velocity changes from negative to positive [15], which is used to delineate the 
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recirculation zone along the spanwise direction. For all cases, a large heat transfer deterioration area 

is generated just behind the step and before the reattachment position, and increases along the 

streamwise direction then decreases after the peak value. As shown in Fig. 3-15, two horizontal lines 

include H1 line at z/WD=0.0 and H2 line passing through the Numax position near the side wall, one 

vertical line called V line were superimposed in the contour to extract the Nu along these lines for 

investigating the variation of Nu along with some certain positions. 

 

 

Fig. 3-15. Nusselt number distribution on the bottom wall for various Reynolds number range. 
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In the spanwise direction, the Nu distribution along the V line for the same Reynolds number 

cases as Fig. 3-15 were superimposed in Fig. 3-16, the Nu increases with the increase of Reynolds 

number. In any Re cases, Nusselt number peaks show near the side wall, and the ratio to the center 

value in Re=400 is about 1.46 and it is about 1.16 in Re=400. The Nusselt number variation range in 

the spanwise direction for all cases is obvious. Judging only by the value at the center of the flow 

path based on the assumption of 2D flow, it can be seen that there is a risk of underestimating the 

Nusselt number. The corresponding spanwise position of the Nusselt number peak near the side wall 

moves toward the duct center as the increase of Reynolds number.  

 

 

Fig. 3-16. Nu distribution along the V line passing through the Numax position near the side wall. 
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Fig. 3-17. Streamwise distribution of Nu along the H1 line. 

 

The streamwise distribution of Nu along the center line (H1 line) was extracted and shown in 

Fig. 3-17, the minimum Nu value appears immediately after the step, the Nu peak values are all 

located in the range x/S=12 to x/S=16. While a sharp increase of Nu could be seen from Re=600 to 

Re=700, similarly, the reattachment point distribution near the center line for Re=600 and Re=700 

also shows a special status, that is, near the center line, lots of breakaway points appear upstream far 

away from the gathering area of reattachment points. The sudden change of the flow state may affect 

the heat transfer distribution in the central flow channel. 

Near the side wall, shown in Fig. 3-18, the distribution of Nusselt number along the H2 line 

becomes complicated, although the overall trend is still rising firstly and then failing. Two obvious 

peaks could be found from Re=700 to Re=900, the first peak is smaller than the second one along the 

streamwise direction. Correspondingly, in Fig. 3-15, the reattachment distribution also has a 

disconnection feature near the side wall from Re=700 to Re=900, which was mentioned in Chapter 2. 

The reasons why the disconnection phenomenon appears near the side wall, why two Nusselt number 

peaks appear near the side wall for Re=700-900, and why the heat transfer peak near the center of the 

duct is located slightly away from the right center line will be explained in the following section.  
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Fig. 3-18. Nu distribution along the H2 line passing through the Numax position near the side wall. 

 

Figure 3-19 shows the relationship between the spanwise direction position of the maximum 
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positions are located inside the region between the side wall and z/WD = 0.45. However, since the 

Reynolds number increases over 700, it is located inside the region between z/WD = 0.3 and z/WD = 

0.4, tending to shift slightly to the center side of the flow path. But overall, in any case, since the 

value of the maximum Nusselt number appears near the side wall, it is considered that the influence 
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Fig. 3-19. Spanwise location of Numax for various Reynolds numbers. 

 

In the streamwise direction, Fig. 3-20 shows the most upstream time-averaged reattachment 

position near the bottom wall surface (y/S = 0.03) adjacent to the side wall obtained from the velocity 

experiment, and the peak Nusselt number position near the side wall. The coordinate axes are the 

flow direction position on the vertical axis and the Reynolds number on the horizontal axis. An 

overview of the figure shows that the peak Nusselt number is located downstream of the reattachment 

position at any Reynolds numbers, which is consistent with the numerical analysis of Iwai et al [5]  

stating that for aspect ratios smaller than 24, the peak Nusselt number position is located downstream 

of reattachment. Furthermore, the tendency of Numax position corresponds greatly well with that of 

the most upstream reattachment position. Thus, this kind of reattached flow has some effects on the 

heat transfer enhancement. Similar numerical results could be found in the report of Nie et al. [32]. It 

was concluded that the “jet-like” flow is responsible for the minimum and for the maximum that 

develops near the side wall in the spanwise distributions of the primary reattachment length and of 

the Nusselt number, respectively. Whether the jet-like flow is the main reason for the heat transfer 

enhancement near the side wall needs to be further explored through experimental means, which will 

be explained in detail in Chapter 4. 
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Fig. 3-20. Relationship of most upstream reattachment position near the side wall and streamwise 

Numax position. The red plot represents the most upstream reattachment position near the side wall; 

the black plot represents the streamwise Numax position. 

 

3.3.2 Time-averaged velocity vectors and reattachment points near the bottom wall 

In order to analyze heat transfer from the perspective of flow structure, the fluid flow pattern 

near the bottom wall (y/S=0.03) was confirmed, Fig. 3-21 illustrates the time-averaged velocity 

vectors corresponding to each representative case in Fig. 3-15 (a)-(f). Here, the reattachment point is 

superimposed on each figure. In Fig. 3-21 (a), at the low Reynolds number of 400, flow near the 

bottom wall seems to be almost stable. A flow downstream from the side wall toward the central part 

of the channel is apparent and seems to dominate the flow near the bottom wall (y/S=0.03). This fluid 

motion is produced by the downwash flow reported by Iwai et al. [5]. Large slow flow recirculation 

is observed, though the flow inside there is three dimensional. As the Reynolds number is increased, 

the flow near the central part of the duct begins to contain another type of reattachment flows. Owing 

to the large interaction between the flows from the side wall and the central part, a relatively large 

and unstable flow structure is generated near the central part of the duct and this produces the large 

variation of the reattachment position as shown in Fig. 3-21 (b)-(c). The flow structure inside the flow 

recirculation turns to be complicated. As the Reynolds number is further increased in Fig. 3-21 (d)-
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(e), the unstable flow invades toward the side wall and seems to temporarily block the flow toward 

the downstream of the downwash flow.  

The vectors around the disconnection area is like a hairpin illustrated in Fig. 3-22, the reverse 

fluid flowing toward the side wall and the fluid flowing toward the center of the flow channel meet 

and interact inside the region (x/S=7-11, z/WD=0.25-0.4). The vectors here lift up and intertwined on 

a certain line, this is thought to be one of the causes of the discontinued reattachment point there. Due 

to the limited range (x/S=0-16) of the velocity measurement along the streamwise direction on the x-

z plane, to understand the causes of the region with the largest Nusselt number, it is necessary to 

choose the representative Reynolds number in which the largest Nusselt number position is located 

inside the limited area (x/S=0-16) as the research object to conduct flow and heat transfer research. 

Thus, the eligible Re=900 was selected.  

 

3.3.3 Relationship between local Nusselt number distribution and flow structure in the y-z plane 

for Re=900 

Figure 3-23 shows the local Nusselt number with the time-averaged velocity vectors in the x-z 

plane near the bottom wall obtained by PIV. Each of the white plots drawn in this figure is the time-

averaged reattachment point and obtained from this time-averaged velocity vector. And the blue plots 

will be described in detail later. At a glance, as can be imagined from Fig. 3-23, the flow field 

downstream the step should no longer be 2D but intensive 3D. Near the side wall, strong reverse flow 

toward the channel center is observed, which corresponds well to the relatively high heat transfer 

showing green contour color upstream the reattachment points. However, the heat transfer 

enhancement caused by this kind of strong reverse flow was not as high as that near the downstream 

side of the reattachment point near the side wall. Owing to this flow, the flow re-circulation region is 

distorted in the spanwise direction and the unique shape of the low-speed reverse flow area is 

produced in the region adjacent to the step. This slow reverse flow corresponds quite well to the heat 

transfer deterioration just behind the step. On the other hand, it is naturally confirmed that the 

reattachment points seem to divide the downstream flow and the reverse flow in the region where 

x/S=8-12, z/WD=0-0.5. The reattachment point appears almost the same streamwise position along the 

spanwise direction from z/WD=0 to z/WD=0.375, but near the side wall, obvious three-dimensional 

characteristics appear. The apparent positive or negative values of the spanwise velocity components 

are observed just along the reattachment positions. 
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Fig. 3-21. Time-averaged velocity vector near the bottom wall superimposed with reattachment points. 
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Fig. 3-22. Magnified view of the time-averaged velocity vector near the side wall for Re=900. 

The red curve is the connection curve of the head of the arrow near the side wall. 

 

 

Fig. 3-23. Local Nu distribution superimposed with time-averaged vector and reattachment points at 

Re=900. White plots represent the reattachment points and blue plots represent the points whose 

gradient of the spanwise velocity component w equaling 0. 
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Figure 3-24 shows the velocity vectors in the y-z plane obtained at various streamwise positions. 

As seen at x/S=8.0, intensive secondary flow from the side wall to the center of the duct can be 

observed, it flows from z/WD=0.36-0.48 at y/S=1.25 near the upper wall to z/WD=0.47-0.35, shown in 

Fig. 3-24 (a). This strong reverse flow observed from x/S=8.0 corresponds well to the intensive 

reverse flow near the side wall region presented in Fig. 3-23. This high-speed flow enhances the heat 

transfer around the region where x/S=5.0-9.0 and z/WD=0.25-0.5. As x/S=13.0, a kind of fluid flowing 

from duct center toward the side wall could be seen, when x/S=15.0, the corner flow becomes stronger 

toward the angle between the side wall and the bottom wall, it is worth noting that in this position 

(x/S=15.0) near the side wall, the heat transfer is greatly improved, as is shown in Fig. 3-23. Near the 

side wall, compare the scalar size of the reverse flow velocity at the position x/S=8.0 and that near 

the downstream side (x/S=15.0), there are no large differences between them, but the reason why the 

Nusselt number distribution around x/S=15.0 is much larger than that around the region immediately 

upstream the reattachment point should be further investigated.  

The stream trace lines were drawn in the y-z plane to trace the signs of fluid movement. The 

spanwise velocity component was also superimposed in Fig. 3-25. It could be found that an obvious 

dividing line that separates the flow velocity in the wall-normal direction appears near the upper wall 

at x/S=8.0. A corner fliud flows from side wall to the center of the duct and then lifts up, forming a 

small vortex like flow at around |z/WD|=0.375. Some vortices could also be observed near the duct 

center. At x/S=15.0, such kind of vortices disappear, the flow from duct center to side wall breaks the 

bottom wall boundary layer directly, which may enhance the heat transfer nearby. The region above 

the dividing line mentioned above turns to be larger than that in the y-z cross-section at x/S=8.0. 
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Fig. 3-24. Velocity vectors in the y-z plane at Re=900. 

 

 

Fig. 3-25. Stream trace line in the y-z plane at x/S=8.0 and 15.0 at Re=900. 
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3.3.4 Relationship between local Nusselt number distribution and flow-related parameters near the 

bottom wall 

As mentioned above, heat transfer distribution is found to be remarkably related to the 3D flow 

structures downstream the step, especially, the flow behaviors near the bottom wall and the 

reattachment structures. Such a relation was also reported by Iwai et al. [9]. However, the flow field 

near the bottom wall seems to be quite complicated and the main reason for the heat transfer 

enhancement has not been clarified yet. So possible velocity-related quantities on the bottom wall 

were taken into account for in-depth exploration. 

Figures 3-26 to 3-31 show the same scale with Fig. 3-23 both in the streamwise and spanwise 

directions to investigate the effects of the velocity-related parameters on the bottom wall on heat 

transfer distribution. Fig. 3-26 and Fig. 3-27 show the dimensionless velocity component along the 

streamwise and spanwise directions in x-z plane located at y/S=0.03 from the bottom wall. Fig 3-28 

shows the dimensionless velocity magnitude of the velocity V/Um0, where 𝑉  √ 2 + 𝑤2. In these 

figures, u/Um0, w/Um0 and V/Um0 show relatively large values in x/S range from 5 to 8 while z/WD 

range from 0.4 to 0.45 (this area named “region A” hereafter) upstream the reattachment position and 

near the side wall. And u/Um0, w/Um0 and V/Um0 share the same value in region downstream side of 

the reattachment point (“region B”, the area located in x/S=14-16, z/WD=0.4-0.5) with “region A”. 

However, the Nusselt number in these two regions shown in Fig. 3-23 are not the same. “Region B” 

shows a much higher Nusselt number value than “Region A”. Thus, it implies that the heat transfer 

enhancement could be partially affected by the time-averaged velocity magnitude near the side wall, 

the other parameters may exist.  

In Fig. 3-27, not only the reattachment points were extracted, but also the points whose gradient 

of the spanwise velocity component w equaling 0 were also extracted. Blue plots represent this kind 

of position. Within the area surrounded by these plots, the magnitude of the w component shows a 

high value, and pay attention to the corresponding area in Fig. 3-23, the relatively high Nu region 

almost around there. The flow structure inside this area has close dominant effects on the heat transfer 

enhancement. Dimensionless fluctuation intensity of each flow component was also adopted as a 

parameter to study the possibility of flow fluctuating effects on heat transfer.  

Fig. 3-29 and 3-28 are presented the fluctuation intensity of the streamwise element and 

spanwise element respectively. Fig. 3-31 shows Vrms/Um0 near the bottom wall. From these figures, 

pay attention to the fluctuation intensity in “region A”, the fluctuation intensity here is quite small. 

However, the fluctuation intensity is much larger in “Region B”. By comparing the Nusselt number, 
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velocity magnitude and fluctuation intensity in “Region A” and “Region B”, it could be concluded 

that the flow magnitude and fluctuation intensity both play a role to affect heat transfer distribution 

on the bottom wall, but the influence of fluctuation intensity seems to be more dominant than the 

velocity magnitude in the case of Re=900. 

 

 

Fig. 3-26. The u component magnitude superimposed with time-averaged velocity vector and 

reattachment points. 
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Fig. 3-27. The w component magnitude superimposed with time-averaged velocity vector and 

reattachment points. 

 

 

Fig. 3-28. Velocity magnitude superimposed with time-averaged velocity vector and reattachment 

points. 
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Fig. 3-29. The fluctuation intensity distribution of u component superimposed with time-averaged 

velocity vector and reattachment points. 

 

 

Fig. 3-30. The fluctuation intensity distribution of w component superimposed with time-averaged 

velocity vector and reattachment points. 
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Fig. 3-31. The fluctuation intensity distribution of velocity magnitude superimposed with time-

averaged velocity vector and reattachment points. 

 

3.3.5 Distributions of heat transfer coefficient on the upper wall 

Same as the coordinate set of the bottom wall, Fig. 3-32 shows the Nu distribution on the upper 

wall for the representative Reynolds number cases (Re=400-900). Since the heat transfer coefficient 

investigation of the upper wall is concentrated on the side wall and the center of the flow channel, the 

spacings between each slice were not removed by interpolation. The changing trend of the Nu 

distribution along the flow path on the upper wall surface is not consistent with that on the bottom 

wall surface. The area where the heat transfer deteriorates is no longer adjacent to the step but in a 

specific narrow area downstream. While the high heat transfer area still keeps near the side wall for 

all Reynolds number cases. 

The same extraction operation of Nu was carried out on the upper wall near the center line 

(z/WD=0.0) and side wall (z/WD=0.4) of the duct. In Fig. 3-33 and Fig. 3-34, for all cases, the Nusselt 

number value in the same streamwise position is increased with the increase of Reynolds number. 

The overall trend is to firstly decline and then rise in the streamwise direction. The variation 

magnitude near the side wall and for higher Reynolds number cases is more obvious. 
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Fig. 3-32. Distribution of the local Nusselt number on the upper wall for the representative Reynolds 

number cases 
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Fig. 3-33. Streamwise distribution of Nu along the center line (z/WD=0.0) of the duct on the upper wall. 

 

 

Fig. 3-34. Streamwise distribution of Nu near the side wall (z/WD=0.4) of the duct on the upper wall. 
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3.3.6 Relationship between local Nusselt number distribution and flow structures  

Fig. 3-35 and 3-36 show the time-averaged velocity vector and velocity contour in the 

streamwise direction. The tendency agreement between the Nu distribution and the velocity contour 

could be observed. It worth noting that in an area where u<0 is located near the side wall, the Nu in 

the corresponding position shows minimum value there. The low-speed fluid flowing from the duct 

center to the side wall inside this region plays an important role in the heat transfer deterioration. 

 

 

Fig. 3-35. Velocity vector superimposed with velocity contour in streamwise direction for Re=700. 
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Fig. 3-36. Velocity vector superimposed with velocity contour in streamwise direction for Re=900. 

 

3.3.7 Comparison of heat transfer coefficient on the bottom wall and upper wall 

In Fig. 3-37, Nubave represents the average Nu over the entire bottom wall, Nuupave represents the 

average Nu over the entire upper wall, Nubcave represents the average Nu at the centerline of the bottom 

wall, and Nuupcave represents the average Nu at the centerline of the upper wall at different Reynolds 

numbers. Here, the channel length for doing average was 31S. The black and blue plots show the 

experimental results obtained at Reynolds number less than 1000, and the red plot shows the results 

of previous experimental research of Inaoka et al. [10]. From this figure, it can be seen that both 

Nubcave and Nubave are smoothly linked to the previous results and that the average heat transfer 

increases significantly up to Re=1000 with the increase of Reynolds number, and then increases 

Um0
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relatively slowly thereafter. On the upper wall, the increasing tendency even values are almost the 

same as that on the bottom wall. For all cases, the values of Nuave and Nucave are almost the same in 

all regions of the Reynolds numbers. From this, it can be said that when considering the range of 31S’ 

downstream of the flow channel, the average Nu of the entire bottom wall and the upper wall can be 

estimated by the average Nu at the center of the flow channel.  

Figure 3-38 shows the maximum Nu over the entire bottom wall Nubmax and upper wall Nuupmax, 

and the maximum Nu at the centerline of the bottom wall Nubcmax and upper wall Nuupcmax at different 

Reynolds numbers. Fig. 3-39 shows the ratio between the two in Fig. 3-38. The black and blue plots 

in each figure show the results of the present experiment, and the red plots show the results of Inaoka 

et al. [10]. From Fig. 3-38, both values increase with the increase of Reynolds number. As for the 

present experimental results, Nucmax has linear change not only on the bottom wall but also on the 

upper wall. It is worth noting that the discrepancies between Nuupmax and Nuupcmax are larger than those 

between Nubmax and Nubcmax. From Fig. 3-39, on the bottom wall, after Re=1000, the ratio value is 

around 1.3 and does not change much even if the Reynolds number increases. On the other hand, in 

the region below Re = 1000, the ratio value increases as the Reynolds number decreases. The fact that 

all the ratios are over 1 indicates non-uniform heat transfer distribution in the spanwise direction 

exists on the bottom wall, when Re=400, the non-uniform intensity is strongest. On the upper wall, 

the ratio is much higher than that of the bottom wall, indicating the higher effect by the flow three-

dimensionality occurs there, especially around the relatively low Reynolds number range (400, 500, 

600). 
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Fig. 3-37. Nuave and Nucave in different Re. 

 

 

Fig. 3-38. Numax and Nucmax in different Re. 
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Fig. 3-39. Variation of the ratio of Numax to Nucmax for Re. 
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3.4 Conclusion and discussions 

In chapter 3, heat transfer measurements were done on the bottom and upper wall of the BFS 

flow in a duct in a relatively low Reynolds number range (Re=400-900). From the perspective of heat 

transfer distribution, it is summarized that this flow model has three-dimensional characteristics and 

intensively affects the heat transfer distribution on the walls. The specific conclusions are as follows: 

(1) When considering the range of 31S downstream of the flow channel, the average Nu value 

over the entire bottom wall or upper wall can be estimated by averaging that at its center line in the 

Reynolds number range from 400 to 900. 

(2) On the bottom wall, the area where heat transfer is enhanced and deteriorated is mainly 

distributed downstream of the step near the side wall and before the reattachment positions, 

respectively. Flow disturbances play a leading role in heat transfer, especially in the relatively high 

Nusselt number region downstream of the reattachment near the side wall. The velocity magnitude 

also has a contribution to heat transfer distribution. The ratio of Numax to Nucmax in different Re on the 

bottom wall proves the existence of a three-dimensional feature of this fluid flow model. The three-

dimensional flow effect is most apparent at approximately Re=400. 

(3) On the upper wall, the low-speed fluid flowing from the duct center to the side wall inside 

the region where u<0 plays an important role in the heat transfer deterioration. The ratio of Numax to 

Nucmax which is much larger than 1.0 in different Re also indicates that the three-dimensional flow 

affects heat transfer characteristics of the upper wall. Furthermore, the three-dimensional 

characteristics there is stronger than that of the bottom wall in various Reynolds number conditions. 
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CHAPTER 4 

Experimental Study on Heat Transfer Mechanism of Periodic 

Vortex for Unsteady Laminar Flow in a Stepped Duct 

 

4.1 Introduction 

The BFS flow phenomenon is common and is often used as one of the most fundamental models 

to generate flow separation and reattachment caused by an abrupt expansion. The flow field shows 

the complex characteristics of the separation flow when the fluid flows through the sudden 

enlargement cross-section, the flow separation can make the steady flow state turn into an unstable 

flow state earlier. It is one of the common methods for heat transfer enhancement. It has intentionally 

been used for many thermo-fluidic devices as one of the heat exchange elements due to its high heat 

transfer performance around the flow reattachment region. As is summarized in the previous chapter, 

a lot of experimental, theoretical analysis were conducted, which mainly focus on the 3D flow 

structure in BFS flow [1-8]. Among these researches, the 3D flow structures in a steady laminar flow 

region could be numerically simulated accurately by using laminar flow model. Experiments are 

mainly conducted in the high Re region for the research of turbulent flow. However, the flow and 

thermal measurements in the unsteady laminar flow region are very few, due to the more complicated 

flow and heating region in this flow state. There are not many systematic and solid experimental data 

in this field, making it still difficult for comparison and validation. Many discrepancies were found 

among the results of different groups [9]. 

As is reported by Erturk et al. [10], the bifurcation Reynolds number region around Re=400 could 

be seen . The secondary recirculation zone near the upper wall starts to be observed at Re=400. For 

three-dimensional predictions under different Reynolds numbers, Biswas et al. [11] reported that at 

relatively low Reynolds numbers (Re＜400), the symmetry plane in the channel with an expansion ratio 

1.94 could be accurately predicted by numerical simulations. Beyond a Reynolds number of 400, the 

side wall influences the structure of the laminar flow behind the step. The measured reattachment 

lengths at the symmetry plane and the predictions do not match. The unsteady and complicated flow 
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region has been attracted a lot of attention, the flow and heat transfer mechanism in this unsteady 

laminar flow region is meaningful to conduct.  

As for the flow instability study, Yamada et al. [12] carried out flow experiments in the low 

Reynolds number range using a micro flow sensor and a high-speed camera and found that there are 

certain periodic characteristics of the flow near the bottom and upper wall. The characteristics of flow 

changes caused by flow instability were mainly investigated. According to the study of Biswas et al. 

[11] on various expansion ratios of low and moderate Re numbers (＜800), the constant size of corner 

vortex near the side wall is identified while the wall effect is concluded to be obvious when Re is higher 

than 400, which agrees with the experiments of Armaly et al.[13]. Most flow instability studies are 

based on the flow itself. There is almost no literature mentioning the effect of this periodicity or flow 

fluctuation on heat transfer.  

In summary, careful and detailed experimental research to investigate the 3D flow instability 

effects on heat transfer distribution is insufficient. Heat transfer enhancement mechanism that how 

the unsteady convection flow enhances heat transfer in the unsteady laminar flow case is urgently 

needed to be clarified. 

 

4.2 Experimental apparatus and procedures 

Experimental apparatus and procedures could be referred to the description of Chapter 2. The 

schematic view of the experimental apparatus and test section are sketched in Fig. 4-1and Fig. 4-2, 

respectively. The origin of the coordinate system was located at the center of the bottom line of the 

stepped wall. x-, y- and z- coordinates represent the streamwise, wall-normal and spanwise directions, 

respectively [7]. u, v, w represent the flow velocity along the x-, y-, z- coordinates, respectively. 

Thermal measurements were conducted on the bottom wall of the BFS model by using a thermo-

sensitive liquid crystal method which was also described very concretely in Chapter 3. In this study, 

representative Reynolds number cases were chosen from 200 to 2000. Heat Transfer Mechanism 

affected by the fluid flow in the unsteady laminar flow state in a stepped duct was mainly investigated. 
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Fig. 4-1. Schematic view of an experimental apparatus. 

 

 

Fig. 4-2. Schematic view of a test section. 
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4.3 Experimental results and analysis 

4.3.1 Time-averaged reattachment points in the spanwise direction of the x-z plane 

Reattachment points were extracted by detecting the vectors changing from negative to positive 

in the streamwise direction near the bottom wall (y/S=0.03) which was mentioned in Chapter 2. 

Comparative verification (see Fig. 4-3) was done under Re=200 and Re=300, these results of the 

reattachment position are in perfect agreement with the experimental result of Suyama et al. [14], and 

the numerical result of Iwai et al. [1]. The distributions of the time-averaged reattachment points for 

all the representative Reynolds number cases from 200 to 2000 in the x-z plane were investigated. To 

distinguish the distribution law more clearly under different Reynolds numbers, the flow patterns 

were divided into three parts in Fig. 4-4 (a)-(c).  

As Re=200–400, the reattachment length increases as the Reynolds number increases no matter 

near the center of the duct or near the side wall. The variation magnitude near the center of the duct 

is larger than that near the side wall. This growing tendency agrees quantitatively well to that reported 

by Iwai et al. [1]. The shortest reattachment length is always appearing around z/WD from 0.4-0.5 near 

the side wall. As Re=500, 600, the flow pattern has undergone a subtle change, near the side wall, the 

reattachment points keep at the most upstream position while at z/WD=0.3–0.1, reattachment length 

no longer increases monotonically as it approaches the center of the flow channel. The most 

downstream reattachment point appears at approximately z/WD = 0.2 and 0.3 where is not the 

centerline. Near the center of the duct, the reattachment length in Re=600 is smaller than that in 

Re=500. It could be said that at Re=200, 250, the flow state is quite stable in the whole flow field, 

and as Re=500, 600, the flow around the side wall still keeps stable while it turns into an unstable 

state near the center of the duct, Re=400 is a transitional Reynolds number from fully-steady flow to 

unsteady flow under laminar flow region, due to its comprehensive characteristics of these two flow 

patterns. At this Reynolds number, the reattachment length near the center of the duct is at the most 

downstream side and the variation range of the reattachment position is the largest among the 

Reynolds number interval mentioned above. 

As the Reynolds number continues to be increased, as presented in Fig. 4-4 (b), the reattachment 

length also increases near the side wall but decreases near the center of the duct from Re=600 to 

Re=700, but as the Reynolds number is over 700, the reattachment length near the side wall starts to 

gradually move upstream and the same tendency occurs near the center of the duct. So the overall 

trend of the reattachment position is that moving downstream and turns back, both near the side wall 
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and the center of the duct. However, the critical Reynolds number in which the reattaching movement 

direction was changed is different near the side wall and duct center. For the reattachment position 

near the center of the duct, the critical Reynolds number is Re=400, for the reattachment position near 

the side wall, the critical Reynolds number is Re=700. Due to careful experimental measurement, 

another small phenomenon was discovered. That is, part of the reattachment points away from the 

reattachment concentration area was detected near the center of the duct in Re=600 and 700, 

respectively. It is also worthy to mention that, at z/WD is about 0.40, breakpoints of reattachment 

position appear under Reynolds range from 700-1000, which implies that the flow stability of this 

side wall area was broken. As Re=1000-2000, shown in Fig. 4-4 (c), for better comparison, the 

reattachment position in Re=1000 was also superimposed again in this figure, the reattachment 

position continues to move upstream as Reynolds number increases. The reattachment disconnection 

phenomenon gradually disappears and could not be found any more at Re=1200, the reattachment 

position near the side wall rebound to the downstream area and the reattachment length becomes 

shorter and shorter as the Reynolds number increases. The moderate variation magnitude along the 

spanwise direction indicates that the three-dimensional characteristics are gradually weakening. 

 

 

Fig. 4-3. Comparative verification of reattachment position under representative Reynolds number. 
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Fig. 4-4. Spatial distribution of time-averaged reattachment positions for each Reynolds number 

case. 
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4.3.2 Representative values of the reattachment length 

The reattachment length corresponding to Fig. 4-4 is shown in Fig. 4-5 as a function of the 

Reynolds number. The experimental results of Armaly et al. [15], and Tihon et al., Suyama et al. [4], 

were superimposed in this figure. A subtle difference could be observed between the present data and 

that of Suyama et al. [4]. The tendency that the reattachment length near the centerline obtained from 

the x-z plane is sharply increased until Re is approximately 400 and experienced a sharp drop until 

Reynolds number 600 and then gradually decreased corresponds well with the 2D experimental result 

of Armaly et al.[11,12]. However, the Reynolds number turning point and the reattachment length 

have large discrepancies between them, the difference between 2D wind tunnel flow and 3D water 

flow was revealed. The present turning point occurs at a lower Reynolds number, which corresponds 

well with J. Tihon et al. [13] (AR=16.7, ER=2). As for the shortest reattachment length location 

generating near the side wall (0.4<z/WD<0.5), the Reynolds number turning point is at Re=700. It is 

worthy to notice that there are some “breakaway points” near the center of the duct at Re=600 and 

Re=700, and near the side wall at Re=1100. The flow status has changed under these Reynolds 

numbers. 

Since the turning point of the reattachment length from increase to decrease occurs around 

Re=400 in the center of the duct and the largest reattachment length difference between the center of 

the duct and near the side wall is also found at Re=400, and as mentioned in the introduction, Re=400 

is a critical Reynolds number. The flow field affecting the heat transfer characteristics in this special 

unsteady flow state has not been elucidated yet. The following detailed discussions are all based on 

this critical and representative low Reynolds number aimed to grasp the flow structure, the transient 

characteristics of instantaneous reattachment positions, and their effects on the heat transfer 

distribution on the bottom wall adjacent to the step. 
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Fig. 4-5. Reattachment points at the center and near the side wall. 

 

4.3.3 Local Nusselt number distribution on the bottom wall 

Figures. 4-6 (a)–(f) show the distribution of the local Nusselt number on the bottom wall for the 
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to the rapid migration of reattachment to the upstream side, and it is necessary to grasp further 
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its impingement on the stepped wall are mainly responsible for developing a maximum Nusselt 

number.  

Since Reynolds number 400 was used as a key research object for analysis, Fig. 4-7 shows the 

Nusselt number distribution diagram and the Nusselt number curve along the streamwise and 

spanwise direction through the center of the maximum Nusselt number position for Re=400. The 

maximum Nusselt number is about 6 at x/S=14. From the perspective of spanwise direction, high 

Nusselt number areas are distributed near the side wall at z/WD = 0.45, and low Nusselt number areas 

are distributed in the duct center. The ratio of the high Nusselt number to the low Nusselt number is 

about 1.5, so the heat transfer distribution in the spanwise direction needs to be taken into account. 

Fig. 4-8 shows the magnified view of the local Nusselt number and corresponding time-averaged 

velocity vectors, time-averaged reattachment points near the bottom wall (y/S=0.03) obtained by PIV 

for Re=400 case. The low Nusselt number area and high Nusselt number area correspond well to the 

low-speed reverse flow area behind the step and high-speed flow area near the side wall, respectively. 

Thus, such a speed magnitude is a cause of heat transfer deterioration or enhancement. 

 

 

Fig. 4-6. Distribution of the local Nusselt number on the bottom wall for the representative Reynolds 

number cases. 
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Fig. 4-7. Nusselt number distribution diagram and the Nusselt number value along the streamwise 

and spanwise direction through the center of the maximum Nusselt number position for Re=400. 
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Fig. 4-8. Magnified view of the local Nusselt number and time-averaged velocity vectors 

near the bottom wall for Re=400. 
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4.3.4 Flow parameters in the x-z plane related to the heat transfer distribution 

To explore the similarity between the fluid flow parameters and the Nusselt number, 

dimensionless velocity component along the streamwise direction u/Um0, spanwise direction w/Um0, 

the dimensionless fluctuation intensity along the streamwise direction urms/Um0 and spanwise direction 

wrms/Um0 were investigated as presented in Fig. 4-9. 

From the superimposed contour figures with the time-averaged velocity vector and reattachment 

points, the distribution of dimensionless velocity component u/Um0 shows high consistency with the 

Nusselt number distribution contour figure, indicating that u component plays a leading role in heat 

transfer enhancement. On the other hand, w/Um0 component is intensively high near the most 

upstream reattachment area near the side wall, showing that the flow around here is from the side 

wall to the center of the duct. As is mentioned in the previous section, the white circle mark represents 

a time-averaged reattachment position, which characterizes the reattachment length of the main 

circulation region. While the white triangle mark representing that z-direction wall shear stress is 

zero, the line connecting these triangle marks is called whirlpool scrubbing line, which is extracted 

in the region x/S=8-16, z/WD=0.3-0.5, indicates that there exists a region between the side wall and 

the triangle mark, which is like the recirculation region in the streamwise direction. Singular points, 

namely saddle points, nodes and foci which were proposed by Biswas et al. [11] could be also 

observed here, indicated by gray circular point in Fig. 4-9 (b). The velocity at this point (x/S=8.24, 

z/WD=0.48) was zero, which has great consistency with that reported by Biswas et al. using numerical 

prediction. A flow from the center of the duct to the side wall washes down the bottom wall. Compare 

this figure with Fig. 4-8, the high Nusselt number region is located downstream of the reattachment 

point, while side wall whirlpool scrubbing line passes through this region. Thus, the largest Nusselt 

number area is partially formed by the side wall flow motion washing the bottom adjacent to the side 

wall.  

Fig. 4-9 (c) shows that the high fluctuation intensity of u component is higher near the side wall, 

the profile of the relative high fluctuation intensity area is greatly similar to that of the relatively high 

Nusselt number area. Not only the velocity magnitude is large, but also the velocity fluctuates greatly 

in the streamwise direction. From Fig. 4-9 (d), the velocity in the spanwise direction strongly 

fluctuates near the most upstream reattachment position, while near the side wall, the fluctuation is a 

rather low level. 
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Fig. 4-9. Investigation for factors that may affect the heat transfer coefficient on the bottom wall. 

 

4.3.5 Derivation of the similarity from the Pearson's correlation coefficient 

The correlation between heat transfer coefficient and four flow-related parameters could be 

assessed qualitatively by visually comparing the magnitude of the value in the corresponding position. 

Furthermore, quantitative analysis is more helpful to our understanding of the nature of flow and heat 

transfer. Pearson’s correlation coefficient [17] (PCC, ρ) described here is a method of quantitatively 

performing a better assessment. It would be a high positive value if the dimensionless Nusselt number 

value and flow parameter’s value are alike. PCC is based on a linear regression analysis of pairs 

values taken from different data sources. The formula for the PCC is shown below (Eq. (4-1)): 

𝜌 =
∑ (𝑥𝑖−𝑋)(𝑦𝑖−𝑌)𝑖

√∑ (𝑥𝑖−𝑋)
2

𝑖 √∑ (𝑥𝑖−𝑋)
2

𝑖

                       (4-1) 

where xi, yi are the element in the matrix of heat transfer coefficient and each flow-related parameter, 

and X, Y are the corresponding mean values. The slope of the linear regression line determines the 
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sign of the coefficient, while the quality of the data's fit to the regression line determines its magnitude 

[17]. Totally 16384 data elements in the corresponding position of the data matrix were extracted, 

PCC was calculated and is shown in Table 4-1. The Pearson’s correlation coefficient is 0.610 and 

0.599 respectively when comparing Nusselt number with u/Um0 and urms/Um0, showing a strong 

correlation between them. In summary, through the qualitative and quantitative analysis of flow and 

heat transfer in the x-z plane, the high-speed streamwise velocity with high fluctuation intensity and 

the flow rolled toward the side wall make great contributions to the heat transfer enhancement. 

 

Table 4-1. Pearson Correlation between Nusselt number and several velocity related parameters in 

the x-z plane. 

 

  urms/Um0 wrms/Um0 u/Um0 w/Um0 

Nu Pearson Correlation 0.599** 0.130 0.610** 0.328 

N 16384 16384 16384 16384 

** Correlation is significant at the 0.01 level (2-tailed) 
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4.3.6 Existence probability of the flow reattachment position 

Fig. 4-10 shows the existence probability of the flow reattachment which was briefly mentioned 

in Chapter 2, to further investigate and more clearly clarify the spatial variations of the reattachment 

phenomena on the bottom wall as time advances and its effects on heat transfer. The locations where 

the streamwise velocity took zero were detected spatially at each time frame, then stored at each 

location over the measuring time and finally divided the stored number by the total frame numbers 

[14]. The time-averaged translucent reattachment curve replaces the reattachment plots shown in the 

previous figure, to see the contour distribution on the backside more clearly. 

On the contrary to the distribution of u/Um0 and urms/Um0, the existence probability value in the 

corresponding region where the Nusselt number is relatively high is quite low. No reattachment points 

exist there. The fluctuation of the reattachment position has no direct influence on heat transfer 

enhancement. However, the variation of existence probability near the side wall has a high value 

remaining in a narrow area along the time-averaged position, implying that the reattached flow here 

is quite stable. The highest value is located at the most upstream reattachment position. All 

instantaneous reattachment points are fan-shaped swinging around this position in which fluid meets 

without much movement. The low-value area swings much wider around the time-averaged 

reattachment points near the center of the duct, suggesting that the fluctuation of this stepped flow 

may begin at the center of the duct. As mentioned above, immediately downstream of this location, 

the Nusselt number is very large. Due to fan-shaped swinging, the water flow accumulates 

downstream of this fixed point, forming relatively strong fluctuations, thereby accelerating the heat 

exchange at this location and improving the heat transfer efficiency here. Next, the 3D unsteady flow 

structure around here needs to be further studied. 
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Fig. 4-10. Existence possibility of the flow reattachment; The white translucent line represents the 

time-averaged reattachment curve. 

 

4.3.7 Time-averaged velocity vector 

4.3.7.1 Time-averaged velocity vector in the x-y plane 

The mean velocity vectors in the x-y plane for z/WD=0.0, 0.1, 0.2, 0.3 and 0.45 are shown in Fig. 

4-11, and the relationship with the heat transfer is considered. In each case, the results of five cross-

sections from the vicinity of the side wall (z/WD=0.45) to the center of the channel (z/WD=0.0) are 

displayed side by side. In each figure, the average reattachment position is indicated by ▲ mark and 

the average separation position is indicated by ▼ mark. A large circulation region spreads after the 

step at the center position on the flow path, and the flow reattaches to the bottom wall and develops 

in the downstream flow. When the spanwise direction position is z/WD=0.1, 0.2, it seems that the flow 

field is not much different from the center of the flow path, but as the reattachment position advances 

in the spanwise direction, it moves to the upstream side, the flow towards the bottom wall goes 

stronger. Furthermore, at z/WD=0.45 near the side wall, there is also a circulation region near the upper 

wall. Therefore, it is understood that the flow along the bottom wall becomes strong by meandering 

the flow affected by the secondary circulation region near the upper wall. 
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Fig. 4-11. Mean velocity vectors in x-y plane of Re=400 for z/WD=0.0, 0.1, 0.2, 0.3, and 0.45. 

 

4.3.7.2 Time-averaged velocity vector in the y-z plane 

Figures 4-12 (a), (b), (c), and (d) show time-averaged velocity vectors �̅� − �̅� in y-z plane at 

flow direction positions x/S=10, 12, 14, and 16 at Re=400. From Fig. 4-12, it is possible to confirm 

the downwash flow that was reported by Nishii et al. [10] and Suyama et al. [4] at x/S=10 and z/WD 

= 0.4 to 0.5. As it goes further downstream (x/S=12 to 14), it flows toward the side wall and then turns 

to be a flow toward the upper wall. At x/S=14 where the heat transfer is relatively high, a longitudinal 

vortex like flow is generated near the side wall, as x/S increases downstream to 16, this kind of vortex 

flow becomes weak. Thus, the generation of longitudinal vortices has a certain promotion effect on 

heat transfer enhancement. 
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Fig. 4-12. Mean velocity vectors in y-z plane of Re=400 for x/S=10.0, 12.0, 14.0 and 16.0. 

 

4.3.7.3 3D velocity vector in the y-z plane at x/S=14 

A Stereo PIV experiment was done and the 3D velocity vector, the Nu distribution and the 

reattachment line were superimposed in one bird-view graph (see Fig. 4-13, 4-14). The velocity vector 

was taken in the y-z plane and x/S was chosen 10-14 according to the results from Fig. 4-7. The three-

dimensional velocity vector information of the three y-z planes along the flow direction is represented 

in Fig 4-13. It could be found that the flow that causes heat transfer enhancement near the side wall 

has similar three-dimensional flow structures along the streamwise direction. Therefore, the y-z plane 

corresponding to the largest Nusselt number at (x/S=14) was selected as the main investigated plane 

to summarize the general law. 

Figure 22 Mean velocity vectors in y-z plane of Re=400 for x/S=10.0, 12.0, 14.0 and 16.0.

(a) x/S=10

(b) x/S=12

(c) x/S=14

(d) x/S=16
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The velocity vector projections of the y-z plane at x/S=14 to the bottom wall and the flow 

entrance section are also shown in Fig. 4-14 so that its components in various directions could be 

seen more clearly. Near the duct center, the vector in the height direction shows a distorted form. The 

direction of the vector near the upper wall and bottom wall is from side wall to the center duct, while 

in the middle height of the water channel, it changes into the opposite direction. In areas where the 

Nusselt number is small, this spanwise distortion becomes very inconspicuous through the projection 

view of the velocity vector on the flow entrance cross-section. Pay attention to the side wall, the flow 

turns to the duct center in the middle height of the channel while it turns to the side wall near the 

height approaching the upper wall and bottom wall, the downwash flow [1] could be also confirmed 

near the bottom wall adjacent to the side wall. The velocity vector is also twisted up and down like 

that near the duct center determined from the streamwise projection view of the velocity vector on 

the bottom wall. 3D flow structures around this area is quite complicated.  

 

 

Fig. 4-13. Superimposed diagram of Nusselt Number distribution and 3D velocity vector in the y-z 

plane at fixed x/S=10, 12, 14. 
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Fig. 4-14. Superimposed diagram of Nusselt Number distribution and 3D velocity vector in the y-z 

plane at fixed x/S=14. 
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(b)
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4.3.7.4 Fluctuation intensity, time-averaged velocity, and vorticity distributions in the y-z plane 

at high heat transfer streamwise position (x/S=14). 

In order to have a clearer understanding of the flow near the higher heat transfer region, 

dimensionless v/Um0, w/Um0, vrms/Um0, wrms/Um0, and vorticity value colormaps superimposed with 

velocity vector in the y-z plane at x/S=14 were investigated.  

As shown in Fig. 4-15, the dimensionless velocity component w/Um0 is quite high at z/WD=0.45 

near the bottom wall, the flow was accelerated here to the side wall, moreover, the dimensionless 

velocity component v/Um0 toward the bottom wall is also quite high. This kind of corner flow plays 

an important role to quickly transfer the heat around there, resulting in enhanced heat transfer on the 

bottom wall. 

To understand the flow instability effects on heat transfer, Fig. 4-15 (c) and (d) were presented. 

It could be indicated that the turbulent intensity no matter in the spanwise direction or the height 

direction is pretty high near the upper wall. This is because the fluid from the upper end of the vortex 

(this vortex could be determined clearly in Fig. 4-15 (e)) impinges the fluid flowing toward the side 

wall near the upper wall surface, resulting in relatively strong fluctuations. Near the side wall, 

although the turbulent intensity is lower than that near the upper wall, but higher than that in the other 

regions near the bottom wall. A high vorticity value area appears above the high Nusselt number 

region. Thus, the coupling effects of relatively high fluctuation intensity, strong vortex with high-

speed velocity component downwashing the bottom wall could make a positive contribution to the 

heat transfer enhancement. And it’s not just what Nie et al. [16, 18] described: “Jet-like” flow is the 

main factor that enhances the heat transfer on the lower wall 
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Fig. 4-15. Velocity-related parameters superimposed with velocity vector at x/S=14. 
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4.3.7.5 Fluctuation intensity, time-averaged velocity and vorticity distribution in the x-y plane at 

high heat transfer spanwise position (z/WD=0.45). 

Figure 4-16 shows dimensionless time-averaged velocity u/Um0, v/Um0, the fluctuation intensity 

urms/Um0, vrms/Um0, and vorticity distribution in y-z plane at z/WD=0.45. Focusing on the time-averaged 

velocity vector, it can be seen that there is a reverse-speed region near the upper wall shown in Fig. 

4-16 (a). The mainstream flow space is forced to be narrow and the fluid flows meandering toward 

the bottom wall surface. Therefore, it is considered that the velocity near the bottom wall adjacent to 

the side wall is higher than that at the center of the flow path where there is no circulation region on 

the upper wall surface. The dimensionless velocity magnitude u/Um0 in the streamwise direction 

shows largest value directly above the high Nusselt number area. Fig. 4-16 (c) and (d) also shows the 

fluctuation intensity distribution of streamwise component u and height component v. The high value 

region of urms/Um0 is located at x/S=15-17, wich is a little bit downstream of the maximum heat 

transfer position. While the high value region of vrms/Um0 is located at x/S=13-18, which is near the 

maximum heat transfer position. From this point of view, it can be concluded that large velocity 

magnitude in the streamwise direction and strong fluctuation in the height direction occurs near the 

bottom wall makes a major contribution to heat transfer enhancement.  

 

4.3.7.6 Phase-averaged velocity structures 

Figure 4-17 shows the velocity signal v changes over time in the height direction at the maximum 

position of vrms. A fast Fourier transform (FFT) analysis of the v was carried out as presented in Fig. 

4-18. Low-pass filter and rectangular window were used for this FFT analysis, low-pass filter reduces 

high frequencies of signal according to user desired order and cutoff frequency. Rectangular window 

is the simplest window, equivalent to replacing all but N values of a data sequence by zeros, making 

it appear as though the waveform suddenly turns on and off. The dominant frequency was 0.3 Hz, the 

phase averaging process was performed using this frequency. In order to see how the flow structure 

in one cycle affects the distribution of the heat transfer in x-y plane. Fig. 4-19 shows the phase 

averaged velocity in x-y cross section of the region where the maximum heat transfer coefficient 

values of Reynolds number 400 appears. The vertical axis shows the height direction and the 

horizontal axis shows the flow direction. The period is divided into four parts. Furthermore, the ↑ 

mark indicates the position of the peak Nusselt number on the bottom wall surface of the cross-

section. It could be seen that the mainstream without large scale vortex passing near the bottom wall 

surface is traveling to intensively downwash and wind upward the fluid on the bottom wall surface 
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from x/S=12 to 16. Considering that the region where the maximum heat transfer coefficient appears 

at x/S=14, it is considered that the heat transfer was promoted because the periodic downward and 

upward fluid motion supplies cold fresh fluid of the mainstream to the bottom wall and pushes the 

hot fluid near the wall toward mainstream, violent heat exchange occurs here.  

 

 
 

Fig. 4-16. Velocity fluctuation intensity and vorticity contour superimposed with velocity vector. 
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Fig. 4-17. Velocity signal of v component at the max position of velocity fluctuation for Re=400. 

 

 

Fig. 4-18. Analysis of velocity component at the max position of velocity fluctuation. 
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Fig. 4-19. The phase-averaged velocity distribution in x-y plane at z/WD =0.45 for Re=400. 
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4.4 Conclusion and discussions 

Heat transfer experiment using a thermo-sensitive liquid crystal sheet was carried out in a closed 

stepped water channel with an aspect ratio of 16 and expansion ratio of 2. Spatial distributions of 

local heat transfer coefficients on the bottom wall were measured under laminar flow conditions. 

Velocity measurements by 2D PIV and Stereo PIV were also conducted to build the relationship 

between heat transfer and 3D flow structures. The main results obtained in this study are briefly 

summarized as follows. 

Through careful velocity measurement by PIV, the reattachment locations were extracted under 

various Reynolds numbers from 200 to 2000. Its three-dimensional characteristics were fully 

confirmed. The maximum reattachment length near the duct center appears at approximately Re=400 

in which the largest difference in the reattachment length between the center of the duct and near the 

sidewall is generated. Thus, the flow and heat transfer investigations were conducted mainly focusing 

on this characteristic Reynolds number. 

The spatial local heat transfer coefficient varies a lot in the spanwise direction in every Reynolds 

number cases from 400 to 900. It is extremely high near the side wall compared with other areas in 

each Reynolds number case. The high heat transfer coefficient appears in the immediate vicinity of 

the reattachment location which is curved upstream. Integrating the velocity-related parameters of 

different cross-sections, the velocity vector of the Stereo PIV and the phase-averaged velocity vectors, 

the heat transfer enhancement mechanism near the side wall is clarified. A flow near the side wall 

from the inlet entrance meanders between the circulation zone adjacent to the step and the secondary 

recirculation zone near the upper wall, as the flow arrives in the region x/S=10 to 12, it turns into a 

clockwise flow from the upper wall, passing through the side wall and washes downward the bottom 

wall. In the downstream side, at x/S=14 where the heat transfer is high, a large counterclockwise flow 

which is generated from the upper wall, passing through the bottom wall and side wall and then flows 

back to the upper wall could be observed above the high heat transfer area. Furthermore, this kind of 

flow has high-speed velocity magnitude and obvious periodicity, making sure that the hot and cold 

fluid there can be mixed thoroughly and quickly taken away. Thus, other detailed flow factors that 

affect the heat transfer enhancement besides “jet-like” flow [4, 18] are proposed and clarified. 
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CHAPTER 5 

Transitional Flow and Heat Transfer over a Backward-Facing Step 

with an Inserted Cylinder 

 

5.1 Introduction 

BFS flow is among the most fundamental models to trigger stepwise flow separation and 

reattachment. The study of such flows has been gaining prominence because of its extensive 

application in energy system equipment, dump combustors, turbine blades, and heat-exchanging 

devices [1-3]. 

Laminar and turbulent flow in a BFS channel has been extensively investigated using 

experimental [4-7] and numerical methods [8-14]. Additionally, three-dimensional BFS flow has 

become a popular field of study in fluid dynamics since Armaly et al. proposed the advancement of 

this method [4]. The importance of three-dimensional characteristics research has been mentioned in 

the previous chapters. 

Few studies have been conducted on the heat transfer characteristics in the unsteady flow regime 

over a BFS because of instability and complexity issues. Kitoh et al. [15] reported the effects of 

expansion ratios on the time-averaged reattachment length and improved heat transfer characteristics 

at an unsteady flow state using the DNS. Xu, Zou et al. [16] numerically investigated the unsteady 

flow over a three-dimensional BFS. Periodic flow instability influences the heat transfer 

augmentation at the center of the bottom wall. Tihon et al. [17] experimentally studied the unsteady 

laminar flow (water) with variable expansion ratios at moderate Reynolds numbers. Their results 

suggested that the pulsatile inlet flow is essential in the flow structures, reattachment length, and 

upper wall recirculation zone. 

Recently, researchers investigated the influence of obstacles inserted in the BFS on the flow 

fields and heat transfer. Kumar and Dhiman [18] numerically simulated the flow and thermal fields 

in a BFS with different cross-stream positions (yc) of the inserted cylinder in the laminar regime 

(1≤ReS≤200). The maximum increase in pressure drop for yc=1.5 at ReS=200 was approximately 37%, 

whereas the maximum Nusselt number increased by approximately 155% when compared with the 

unobstructed case. Selimefendigil and Öztop [19] applied the system identification method to forecast 
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the thermal property with the effects of pulsating flow over a BFS using a fixed cylinder. A significant 

enhancement of heat transfer was observed with an increase in Reynolds number, pulsation frequency, 

and nanoparticle volume fraction. Further, they numerically investigated the effects of the pulsating 

flow on the heat transfer in a BFS equipped with an adiabatic thin fin. The adiabatic thin fin was not 

effective for heat transfer. Mohammed et al. [20] simulated a convective nanofluid flow in a BFS with 

baffles combining laminar and turbulent flows. The locations, distance, and height of the baffles were 

observed to significantly influence the heat transfer rather than the number and width of the baffles. 

Selimefendigil and Öztop [21] used a BFS with a corrugated bottom wall in a forced convection 

nanofluid in their study of heat transfer characteristics. The results showed that the height and length 

of the corrugation wave-influenced heat transfer enhancement. 

The analysis and study of transitional forced convection flow and heat transfer over a backward-

facing step by inserting a cylinder is unexplored. In Chapter 4, what kind of flow will improve the 

heat transfer efficiency of the bottom wall has been studied in detail. Then the focus of this chapter 

is to set the geometric transformation of the stepped flow model, that is, inserting a cylinder to form 

an unsteady flow condition near the circulation region. Considering the calculation cost and research 

purpose, this chapter uses two-dimensional simulation instead of three-dimensional simulation. It is 

also possible and enough to clarify how the unsteady flow affects the heat transfer of the bottom wall 

in a stepped duct, and how to improve the heat transfer enhancement. Thus, the primary objective of 

this study is to transform the laminar flow into a transitional flow in a backward-facing step channel 

using an inserted cylinder. Furthermore, we investigated the effects of various streamwise and cross-

stream positions of the cylinder on the flow fields and heat transfer enhancement using computational 

fluid dynamics (CFD) simulations. We describe the heat transfer mechanism in a transitional 

backward-facing step flow in the presence of an inserted cylinder. 
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Fig. 5-1. Schematic of the computational domain. 

 

5.2 Numerical methodology 

5.2.1 Problem description and mathematical formulation 

A schematic of the computational domain is presented in Fig. 5-1. The step height S is the non-

dimensional length scale. The upstream of the duct height (h) and channel height downstream from 

step (H) are maintained constant throughout this study. The duct expansion ratio, ER=H/h, was set to 

2. The channel lengths, upstream and downstream, of the step are Lu (Lu=1S) and Ld (Ld=60S), 

respectively. The upstream flow before the step was set at X/S=-1 to avoid the influence caused by 

the sudden expansion at the step. The length of the calculation region after the step is set sufficient to 

avoid the influence of outflow. The upstream inlet flow is laminar, fully developed, and isothermal 

(T0=293 K). The downstream bottom wall of the BFS is maintained at a uniform temperature (TW=294 

K). The buoyancy effect is negligible because the above inlet flow and bottom wall share similar 

temperatures. The remaining walls, including the cylinder wall, were treated as adiabatic. A high heat 

transfer coefficient is attained at the reattachment point, and the primary recirculation zone exhibits 

an inferior heat transfer property. An adiabatic cylinder is mounted near the top corner in the BFS 

channel to create disturbances and improve the deteriorated heat transfer in the primary recirculation 

zone. Various streamwise positions (XC/S=0.6, 0.9, 1.2, and 1.5) and cross-stream positions (YC/S=0.5, 

1.0, and 1.5) of the cylinder were investigated with a fixed cylinder size (d/S=0.4). 
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For the two-dimensional, laminar, incompressible, and unsteady case, the governing equations 

are: continuity, Eq. (5-1), momentum equations along the x- and y-axes, Eqs. (5-2) and (5-3), 

respectively, and energy equations Eq. (5-4). 
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where U and V represent the two instantaneous components of the velocity; T, P, and t represent the 

temperature, pressure, and time, respectively; and ρ, μ, Cp, and k represent the density, dynamic 

viscosity, specific heat, and thermal conductivity, respectively. The physical properties of the fluid 

(air) are assumed to be constants. In the energy equation, the viscous dissipation is assumed to be 

negligible. 

The boundary conditions in the non-dimensional form are as follows: 

• At the inlet, the streamwise velocity component is assumed according to the velocity 

approximation which represents a fully developed laminar flow in a rectangular duct [22] and the 

inlet temperature is uniform, (𝑈 =
3

2
U0 [1- (

(Y-S)-(H-S) 2⁄

(H-S) 2⁄
)

2

] , 𝑉 = 0  and T0 = 293 K), for pressure 

boundary condition, the operation pressure is assumed 101325 Pa. 

• At the outlet, the streamwise gradient of flow variables is zero ( 
𝜕𝑈

𝜕𝑋
= 0, 

𝜕𝑉

𝜕𝑋
= 0, and 

∂T

∂X
= 0), 

for pressure boundary condition, the outflow is assumed to be fully developed. 

• All walls meet the no-slip condition (𝑈 = 0 , and 𝑉 = 0 ). The bottom wall was heated at a 

uniform temperature (TW = 294 K). The other walls were considered to be adiabatic. 

The local Nusselt number, time-averaged Nusselt number, and time-spatial averaged Nusselt 

number are respectively defined as Eq. 5-5, 5-6, and 5-7: 

Nu=
𝑞𝑤S

λ（𝑇𝑤−𝑇𝑤）
                             (5-5) 
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Nu t=
1

τ
∫ Nu dt

 τ

 0
                              (5-6) 

Nu=
1

L
∫ Nut

 L

 0
 dX                             (5-7) 

where 𝑞𝑊 represents the wall heat flux, and L is the streamwise length of the bottom wall. 

The total pressure drop coefficient and Reynolds number are given by Eq. 5-8 and 5-9:  

dP=
2(P0−Pout)

ρU0
2                            (5-8) 

 Re = ReS =
ρU0S

μ
, ReD = 2ReS                       (5-9) 

where is 𝑃0  the average inlet pressure, 𝑃𝑜𝑢𝑡  is the average outlet pressure, U0 is the averaged 

velocity of the inlet flow, and S is the reference length.  

 

5.2.2 Numerical solution procedure 

The numerical study was conducted using the commercial package Ansys Fluent v18.0 (Ansys 

Inc., PA, USA). The finite volume method is used for the spatial discretization of Eq. (5-1)-(5-4). The 

convective terms in the Navier–Stokes equations and energy equations are evaluated using the 

QUICK scheme. The SIMPLE algorithm proposed by Patankar and Spalding [23] is utilized for the 

coupling of pressure and velocity. The initial conditions of the velocity components and temperature 

were set as U=U0, V=0, and T0=293 K. The grid was generated using the preprocessing tool Ansys 

ICEM CFD. In Eq. (5-10), the time increment (𝛥𝑡 ) between two successive time steps is set to 

maintain the Courant number (c) to less than 1 and evaluated with the smallest grid spacing (𝛥𝑋𝑚𝑖𝑛) 

and maximum velocity (Umax=1.5U0). 

𝑐=
Umax

ΔXmin
≤1                            (5-10) 

5.2.3 Grid testing and validation study 

Figure. 5-2 (a) shows a magnified view of the non-uniform grid structure for an unobstructed 

case. Grid refinement was performed in the regions around the walls, where the velocity gradient was 

high. Similarly, the magnified view of the grid structure with a cylinder is shown in Fig. 5-2 (b). To 
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capture the flow information around the cylinder, a fine grid is established in a square region. The 

density of the grid is essential in the calculation results. The numerical calculation accuracy is reduced 

with a coarse grid, resulting in a deviation from the true solution. Contrarily, the very fine grid 

consumes much more memory and CPU time. Thus, an optimal grid design is essential for balancing 

calculation accuracy and time consumption. 

The grid Reynolds number (Reg), which defines the minimum grid spacing (𝛥𝑋𝑚𝑖𝑛 ) as the 

reference length, can reflect the grid density. It is expressed as Eq. 5-11: 

 

Reg=
ρU0ΔXmin

μ
                            (5-11) 

 

 

Fig. 5-2. Magnified views of the grid: (a) no cylinder and (b) with a cylinder. 

 

 

 

Table 5-1. Grid independence study 

 

Reg Total grid number Xr/S Deviation (%) 𝑁𝑢𝑡𝑚𝑎𝑥 Deviation (%) 𝑁𝑢 Deviation (%) 

16 84,138 0.901 -1.42 13.574 4.73 3.373 -5.57 

8 152,898 0.913 -0.11 12.985 0.19 3.505 -1.88 

4 209,228 0.914 -0.00 12.961 0.00 3.572 0.00 

 

(b) 

(a) 
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Table 5-1 shows that the grid independence study was conducted with three different types of 

grid sizes when YC=1.0. The deviation was calculated based on the data for Reg=4. As Reg decreases, 

the deviation of these values becomes smaller. When Reg=8, the minimum deviation is approximately 

-0.11%, while the maximum deviation is approximately -1.88%, thus meeting the requirement of grid 

independence. Consequently, Reg=8 is the value set in these simulations. 

The validation of streamwise velocity profiles when Re=500 is presented in Fig. 5-3. A flow 

behavior similar to that observed in the study by Cuerrero and Cotta [24] can be observed and is 

consistent with our results. For comparison, the result corresponding to the reattachment length at 

Re=700 is shown in Table 5-2 with previously reported 2D research values [4, 5, 25]. The minimum 

deviation when compared with the experimental results (ER=2) of the study by Lee and Mateescu [5] 

is 1.30%, while the maximum deviation is -6.14% when compared with that (ER=1.94) in the study 

by Armaly et al. [4]. Additionally, the relatively small deviation when compared with the numerical 

results (ER=2) of the study by Sugarawara et al. [25] is -2.32%. However, when compared with 

present 3D experimental data, the relative error is large and about 22.03%, due to the effects on the 

side wall.  

In the presence of a cylinder, the time-averaged Nusselt number when compared with the 

numerical results of the study by Kumar and Dhiman [18] when YC/S=1.0 and Re=200 is presented 

in Fig. 5-4. The maximum deviation at the peak value was -4.48%. Thus, the reliability and accuracy 

of our numerical solution procedure can be confirmed. 

 

Table 5-2. Reported values for the time-averaged reattachment length Xr/S at Re = 700 
 

Source Xr/S Deviation (%) 

Present 14.66 0.00 

Armaly et al. [4] 13.76 -6.14 

Lee and Mateescu [5] 14.85 1.30 

Sugarawara et al. [30] 14.32 -2.32 

Zou et al. Exp. (AR=16, ER=2) 11.43 -22.03 
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Fig. 5-3. Comparison of streamwise velocity profiles for Re=500. 

 

 

Fig. 5-4. Comparison of the time-averaged Nusselt number distribution. 
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5.3. Results and discussions 

5.3.1 Effect of cross-stream position 

Figure. 5-5 presents the flow patterns with the effect of the cross-stream position of the cylinder 

(YC/S=0.5, 1.0, and 1.5) at Re=700. Without a cylinder, a steady laminar flow can be observed. The 

primary recirculation zone appears adjacent to the step with a reattachment length of 14.6. The 

secondary recirculation zone could be detected downstream near the upper wall. The two recirculation 

zones after inserting a cylinder at YC/S=0.5 share the same structural properties as that of the no 

cylinder case. Considering the low reverse velocity inside the primary recirculation zone behind the 

step, the position at YC/S=0.5 of the cylinder is not effective for forced convection. The flow state 

experienced a significant mutation and emerged as a newly formed transitional flow regime at 

YC/S=1.0 and 1.5. Thus, the primary recirculation zone would be broken owing to the divided shear 

layer, primarily due to the presence of the cylinder. A series of vortices appear near the bottom wall 

when YC/S=1.0. Further, a vortex could be observed near the upper wall. As the position of the 

cylinder moved to the center of the inlet entrance, the vortex street near the bottom wall disappeared, 

and the number of vortices near the upper wall increased with reduced sizes. 

To investigate the effect of the cross-stream position on the heat transfer characteristics, the time-

averaged Nusselt number distributions on the bottom wall for all cases at Re=700 are illustrated in 

Fig. 5-6. Owing to the similar flow structure for the case with no cylinder and YC/S=0.5, the curve of 

the time-averaged Nusselt number on the bottom wall has a similar shape. When the cylinder position 

YC/S=1.0, two peaks are observed, which are much stronger than those in the two aforementioned 

cases. These strong peaks combined into one in the case where YC/S=1.5. Additionally, the positions 

of their peak values appear at the step for YC/S=1.0 and 1.5 when compared with the no-cylinder case 

and when YC/S=0.5. Fig. 5-7 presents the relationship between the time-spatially averaged Nusselt 

number and total pressure drop coefficient at various cross-stream positions. When compared with 

the no-cylinder case, a 114% overall heat transfer enhancement on the bottom wall is achieved by 

inserting a cylinder at YC/S=1.0, with a 45% increment in pressure drop. When YC/S=1.5, the 

heat transfer efficiency decreases, accompanied by an increasing pressure drop, when compared with 

that of YC/S=1.0. In conclusion, heat transfer is significantly enhanced when the cylinder position 

YC/S=1.0 along with a slight pressure drop. 
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Fig. 5-5. Instantaneous streamlines and streamwise velocity contours with various cross-stream 

positions of the cylinder for Re=700. 
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Fig. 5-6. Time-averaged Nusselt number with various cross-stream positions for Re=700. 

 

 

Fig. 5-7. Time-spatially averaged Nusselt number and total pressure drop coefficient with various 

cross-stream positions for Re=700. 
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5.3.2 Effect of streamwise position 

Considering cylinder position YC/S = 1.0, the flow patterns and heat transfer characteristics were 

investigated by changing the streamwise positions of the cylinder (XC/S=0.6, 0.9, 1.2, 1.5). Time-

averaged streamlines and streamwise velocity contours with various streamwise positions of a 

cylinder for Re=700 are shown in Fig. 5-8. The black arrows and red arrows in the figure represent 

the reattachment points of the primary and third recirculation zones, respectively. As the cylinder 

moves away from the step, the size of the primary recirculation zone and third recirculation zone 

increases, and their reattachment point moves downstream from the step. Contrarily, the size of the 

secondary recirculation zone along the upper wall decreases. When XC/S=1.5, the secondary 

recirculation zone disappears while the fourth recirculation zone occurs along the bottom wall. 

Figure. 5-9 shows the time-averaged Nusselt number distributions with various streamwise 

positions for Re=700. The peak positions of the time-averaged Nusselt number approximately 

correspond to the flow reattachment point of the primary and third recirculation zones. Thus, the peak 

positions move downstream of the step with the same variation trend of their reattachment points. 

The two peak values when XC/S=0.9 are almost consistent with those when XC/S=0.6. However, the 

two peak values decrease with an increase in the streamwise position from XC/S=0.9 to XC/S=1.5. As 

shown in Fig. 5-10, from XC/S=0.6 to XC/S=1.2, the heat transfer on the bottom wall slightly decreases 

with a slight increase in pressure drop. When XC/S=1.5, the heat transfer performance significantly 

decreases. However, the heat transfer performance is the lowest in the case of no cylinder. Therefore, 

the cylinder is located at XC/S=0.6, and when YC/S=1.0, the heat transfer performance is relatively 

optimum. 
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Fig. 5-8. Time-averaged streamlines and streamwise velocity contours with various streamwise 

positions for Re=700. 
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Fig. 5-9. Time-averaged Nusselt number with various streamwise positions for Re=700. 

 

 

Fig. 5-10. Time-spatially averaged Nusselt number and total pressure drop coefficient with various 

streamwise positions for Re=700. 
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5.3.3 Heat transfer enhancement mechanism 

XC/S=0.6 and YC/S=1.0 at Re=700 were selected to study the periodic flow instability and heat 

transfer enhancement mechanism in a transitional BFS flow with an inserted cylinder. This selection 

was based on the results showing higher heat transfer and lower pressure drop described previously. 

 

5.3.3.1 Periodic instability 

 

 

Fig. 5-11. Monitor point results of transverse velocity (V) and power spectral density (PSD) of V at 

Re =700. 
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Figure 5-11 presents the monitor point results of the instantaneous transverse velocity (V) and 

power spectral density (PSD) of V at Re=700. Four monitor points P1 (X/S=1.0, Y/S=1.0), P2 (X/S=1.8, 

Y/S=1.0), P3 (X/S=4.2, Y/S=1.0), and P4 (X/S=6.6, Y/S=1.0) were set to monitor the V in the flow field. 

The fluid velocity fluctuates periodically with the frequency of the basic harmonic. The amplitude of 

the velocity oscillation increases gradually from point P1 to P3, but the amplitude of the velocity 

oscillation decreases at the downstream point P4. At the upstream points P1 and P2, the power 

spectrum exhibits a single peak influenced by the inserted cylinder corresponding to the frequency 

fC=14.11, while the power spectrum shows a secondary peak with fS=7.25 at point P4. The temporal 

data was taken for 120 s. Thus, as the monitor point moves away from the cylinder, the periodic flow 

oscillation is primarily influenced by the channel, along with the lesser effect of the cylinder. 

Furthermore, at point P3, the periodic velocity oscillation is dominated by two elementary frequencies 

(fC and fS) with the interaction of the cylinder and stepped channel. In Fig. 5-12, the time sequences 

of the instantaneous streamlines in one cycle are plotted. Vortexes A, B, and C are marked by green, 

red, and yellow arrows, respectively. Vortex B gradually becomes smaller and moves downstream of 

the step. In addition, as shown in Figs. 5-12 (a)– (d), vortex A located behind the cylinder gradually 

sheds and combines with the smaller vortex attached to the bottom wall. As shown in Figs. 5-12 (e)–

(h), vortex C dissolves and combines with vortex A and the smaller vortex attaches to the bottom 

wall. This vortex motion explains the formation of vortex B, as shown in Fig. 5-12 (a). 

Figure 5-13 shows the time sequences of the instantaneous vorticity contours combined with the 

instantaneous temperature contours in one cycle. The red parts correspond to the regions where the 

vorticity is positive, whereas the blue parts correspond to the regions where the vorticity is negative. 

Periodic development of the interaction between the positive and negative vorticity regions is 

essential in the thermal fields. Hence, the thermal boundary layer on the bottom wall deteriorates due 

to the effect of flow periodic instability.  
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Fig. 5-12. Time sequences of instantaneous streamlines in one cycle. 

 

The instantaneous mappings of the fluctuating temperature contours superimposed with the 

fluctuating velocity vector are plotted in Fig. 5-13. Two fluctuating velocity components, u and v, and 

the fluctuating temperature 𝜃 are defined as follows: 

𝑢  = U− 𝑈                               (5-12) 

𝑣  = 𝑉 − V                               (5-13) 

               𝜃  = 𝑇 − T                               (5-14) 

where 𝑈  and 𝑉 correspond to the time-averaged streamwise velocity and normal components 

velocity, respectively, and 𝑇 is the time-averaged temperature. From the qualitative analysis, Fig. 5-

13 presents two types of fluctuating vortex motion corresponding to clockwise and counterclockwise 

directions of the vortices alternately. The red and blue parts represent the hot fluid (𝜃＞0) and cold 

fluid (𝜃＜0), respectively. 

(a) ωt=0

(b) ωt=π/8

(c) ωt=π/4

(d) ωt=3π/8

(e) ωt=π/2

(f) ωt=5π/8

(g) ωt=3π/4

(h) ωt=7π/8
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Fig. 5-13. Instantaneous vorticity contours were combined with the instantaneous temperature 

contours in one cycle. 

 

(a)  t=0

(b) ωt=1/4π

(c)  t=1/2π

(d)  t=3/4π



 

161 

The black and red arrows in the figure represent the positions of the peak and valley of the local 

Nu, respectively. Most peaks occur at the junction of hot and cold fluids, i.e., the heat transfer effect 

is better during the interaction. Irrespective of the type, the fluctuating vortex motion has positive 

effects on the heat transfer to the wall. This is due to the fluctuating vortex that necessitates the flow 

of the cold fluid from the main flow into the bottom wall. Contrarily, the fluctuating eddies pump 

away the hot fluid from the bottom wall. Furthermore, the mixing of the hot fluid and cold fluid with 

the effect of periodic instability of the flow leads to heat transfer enhancement on the bottom wall. 

 

5.3.3.2 Statistical analysis 

From the quantitative analysis, the monitor point P5 (X/S=4.2, Y/S=0.02) near the position of the 

secondary peak of time-averaged Nu plotted in Fig. 5-6 is set to obtain the time sequences of 

fluctuating velocity (u, v) and fluctuating temperature (𝜃). Fig. 5-14 illustrates the time variation 

pattern of the fluctuating velocity field in ten cycles, which is assigned to four quadrants. The 

calculated fractional contributions to −𝑢𝑣 and 𝑣𝜃 from each quadrant are shown in Table 3. Here, 

−𝑢𝑣 represents the fluctuating velocity cross-correlation and 𝑣𝜃 represents the cross-correlation of 

the fluctuating velocity and temperature. As shown in Table 3, the number density of the plotted points 

is twice as large in the first quadrant (u＞0, v＞0) and third quadrant (u＜0, v＜0) when compared to 

those in the remaining two quadrants. 

 

Table 5-3 Frictional contributions to −𝑢𝑣 and 𝑣𝜃 from each quadrant of the u-v plane 

 

Quadrant 
Signs of 𝑢 

and 𝑣 
Signs of 𝜃 Total grid number (n) 

∑ (𝑢𝑣)𝑖
𝑛
𝑖=1

𝑛𝑢𝑣
 
∑ (𝑣𝜃)𝑖
𝑛
𝑖=1

𝑛𝑣𝜃
 

1 
𝑢＞0 𝜃＞0 1602 1.076 0.479 

𝑣＞0 𝜃＜0 0 0 0 

2 
𝑢＜0 𝜃＞0 120 -0.056 0.013 

𝑣＞0 𝜃＜0 702 -0.812 -0.135 

3 
𝑢＜0 𝜃＞0 0 0 0 

𝑣＜0 𝜃＜0 1958 0.977 0.649 

4 
𝑢＞0 𝜃＞0 585 -0.178 -0.048 

𝑣＜0 𝜃＜0 309 -0.007 0.042 



 

162 

  

Fig. 5-14. Instantaneous fluctuating velocity vector was combined with the instantaneous fluctuating 

temperature contours in one cycle. 

 

The fractional contribution to 𝑣𝜃 from the hot fluid motion assigned to the first quadrant and 

from the cold fluid motion assigned to the third quadrant is much greater than that of the other types 

of fluid motions. Thus, pumping hot fluid from the bottom wall to the main flow region and entraining 

the cold fluid from the main flow region to the bottom wall region would result in the formation of 

the secondary peak of time-averaged Nu, as plotted in Fig. 5-6. Consequently, the heat transfer on the 

bottom wall is significantly enhanced when XC/S=0.6 and YC/S=1.0. 

 

(a) ωt=0

(b) ωt=π/4

(c) ωt=π/2

(d) ωt=3π/4

-0.30 -0.18 -0.06 0.06 0.17 0.29 0.41θ:
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5.4 Conclusion and discussions 

An incompressible numerical model for the BFS with an inserted cylinder was established to 

investigate the effects of various streamwise and cross-stream positions of the cylinder on the flow 

fields and heat transfer. The following are the conclusions of the study: 

(1) The simulation results in the case of no cylinder correspond well with the previously reported 2D 

numerical and experimental results [4, 5, 25].  

(2) The heat transfer of the transitional flow on the bottom wall is significantly enhanced when 

equipped with a cylinder located at XC/S=0.6 and YC/S=1.0. The overall heat transfer enhancement on 

the bottom wall exhibited a 114% improvement in the presence of a cylinder and a 45% increment in 

the pressure drop when compared with that of the case with no cylinder. 

(3) Considering the effect of the periodic instability of the flow, the secondary peak of the time-

averaged Nusselt number was observed when XC/S=0.6 and YC/S=1.0. This occurred when the hot 

fluid was pumped from the bottom wall to the main flow region and the cold fluid was entrained from 

the main flow region to the proximal of the bottom wall. 
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CHAPTER 6 

General Conclusions and Publication List 

 

6.1 General conclusions 

In this thesis, the author focused on investigating details of the three-dimensional flow 

structures and the related heat transfer characteristics of flows over a backward-facing step in a 

rectangular duct under relatively low Reynolds numbers. Three-dimensional experiments were 

performed for backward-facing sep flows and heat transfer. The major findings are summarized 

below: 

 

In Chapter 2, spatial distributions of flow reattachment position on the bottom wall 

downstream of a backward-facing step in a duct have been measured by 2D PIV method. 

Investigations have been done for changing the flow Reynolds number, ranging from steady 

(Re=200) to unsteady (Re=1000) flow regimes for the stepped duct having an aspect ratio of 16 and 

expansion ratio of 2. Non-uniform spanwise distribution of the reattachment length was observed in 

each case. Within the steady state, the reattachment length shows a unique distribution in the 

spanwise direction over a channel, that is, having the maximum at the center of the duct but the 

minimum near the side wall. Generally, the reattachment length increases rapidly as the Reynolds 

number is increased and has the maximum at the center of the duct at Re=400. As the Reynolds 

number is further increased Re>400, the reattachment length conversely decreases due to the flow 

unsteadiness occurring near the center of the duct. This flow unsteadiness expands to the side wall 

with the further increase of the Reynolds number, therefore, it makes the spanwise distribution of 

the flow reattachment position more complicated. The spatial distributions of the reattachment 

point’s existence probability for representative cases (Re=200, 400, 600, 800) were studied to 

further investigate and more clearly clarify the spatial variations of the reattachment phenomena on 

the bottom wall as time advances. The existence of the side wall restrains the development of the 

instability from the center of the flow channel to a certain extent, but a high Reyolds number will 

weaken the influence of the side wall. Time-averaged and instantaneous flow structures were 

carefully analyzed. The periodicity of the reattachment points, separation points near the side wall 

and the center of the duct were focused on. Periodic instantaneous reattachment points on the 
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bottom wall appear near the duct center for Re=400, the secondary recirculation zone having an 

obvious periodic movement near the upper wall could be judged by combining the instantaneous 

separation and reattachment positions near the upper wall. 

 

In Chapter 3, spatial distributions of local heat transfer coefficients on the bottom wall and 

upper wall downstream of a backward-facing step in a duct flow have been measured by making 

use of a thermo-sensitive liquid crystal sheet. Heat transfer experiments and three components of 

the time-averaged velocity measurements by 2D PIV have been done for a wide variety of the flow 

Reynolds number ranging from Re=400 to Re=900 flow regimes for the stepped duct having an 

aspect ratio of 16 and expansion ratio of 2. Obtained local Nusselt number changes not only in the 

streamwise direction but also spanwise direction, that is, the maximum Nusselt number always 

appears near the side wall region even if the flow Reynolds number is varied. Two Nusselt number 

peaks appear near the side wall for Re=700, 800, 900, at which the discontinuous reattachment 

points could be observed near the side wall. Strong downward flow from the step induced along the 

side wall produces the secondary flow toward the central part of the duct and the area where this 

secondary flow exists agrees well to the area of the high heat transfer coefficient. High-speed 

reverse flow from side wall to the duct center can promote the heat transfer on the bottom wall to a 

certain extent. The flow structure with almost the same velocity magnitude as the reverse flow, but 

with higher velocity fluctuation downstream the reattachment position near the side wall plays a 

dominant role in the heat transfer enhancement. When considering the range of 31S downstream of 

the flow channel, the average Nu value over the entire bottom wall or upper wall can be estimated 

by averaging that at its center line in the Reynolds number range from 400 to 900. The ratio of 

Numax to Nucmax in different Re on the bottom wall also proves the existence of a three-dimensional 

feature of this fluid flow model. The three-dimensional flow effect is most obvious at approximately 

Re=400. The three-dimensional characteristics near the upper wall are stronger than that of the 

bottom wall in the same Reynolds number condition. 

 

In Chapter 4, the reattachment length data near the side wall and the center of the duct have 

been collected, the distribution of them once again confirmed the obvious three-dimensional 

characteristics. Reynolds number of 400 was chosen as the main research object because of its 

largest reattachment length near the duct center and some critical properties described by other 

researchers. After analyzing the correlation between the velocity-related parameters and the Nusselt 
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number near the bottom wall through the Pearson Correlation method, it could be concluded that the 

velocity magnitude with high fluctuations in the flow direction can directly affect the heat transfer 

coefficient in this area. Integrating the velocity-related parameters of different cross-sections, the 

velocity vector of the Stereo PIV and the phase-averaged velocity vectors, the heat transfer 

enhancement mechanism near the side wall is clarified: A flow near the side wall from the inlet 

entrance meanders between the circulation zone adjacent to the step and the secondary recirculation 

zone near the upper wall, as the flow arrives in the region x/S=10 to 12, it turns into a clockwise 

flow from the upper wall, passing through the side wall and washes downward the bottom wall. In 

the downstream side, at x/S=14 where the heat transfer is high, a large counterclockwise flow which 

is generated from the upper wall, passing through the bottom wall and side wall and then flows back 

to the upper wall could be observed above the high heat transfer area. Furthermore, this kind of 

flow has high-speed velocity magnitude and obvious periodicity, making sure that the hot and cold 

fluid there can be mixed thoroughly and quickly taken away. Thus, other detailed flow factors that 

affect the heat transfer enhancement besides “jet-like” flow are proposed and clarified. 

 

In Chapter 5, an incompressible numerical model for the backward-facing step with an inserted 

cylinder was established to investigate the effects of various streamwise and cross-stream positions 

of the cylinder on the flow fields and heat transfer. The heat transfer of the unsteady laminar flow 

on the bottom wall is significantly enhanced when equipped with a cylinder located at XC/S=0.6 and 

YC/S=1.0. The overall heat transfer enhancement on the bottom wall exhibited a 114% improvement 

in the presence of a cylinder and a 45% increment in the pressure drop when compared with that of 

the case with no cylinder. Considering the effect of the periodic instability of the flow, the 

secondary peak of the time-averaged Nusselt number was observed when XC/S=0.6 and YC/S=1.0. 

This occurred when the hot fluid was pumped from the bottom wall to the main flow region and the 

cold fluid was entrained from the main flow region to the proximal of the bottom wall. 

 

In this thesis, the effects of 3D flow structure on the heat transfer coefficient on the bottom 

wall and upper wall in the unsteady laminar flow state were systematically investigated. However, 

the relationship between the transient fluid flow and the transient heat transfer also needs to be 

clarified. The common laws of back-ward facing step characteristics (Such as the periodic change 

of wake flow instability and the Kelvin–Helmholtz instability in the separated shear layer) and the 
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effect of these flow characteristics on heat transfer haven’t been revealed. The flow experiments, 

heat transfer experiments and velocity-temperature simultaneous measurements need to be carried 

out. Studying the transient flow and heat transfer problem in unsteady laminar flow, which can not 

only improve the theory of heat transfer enhancement under BFS condition but also provide a basis 

and reference for the research and development of high-performance heat exchanger, are desired. In 

addition, accurate three-dimensional Numerical simulation on transient heat transfer change in the 

unsteady flow state and the statistics problem of turbulent heat transport is also urgent to be solved. 
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Nomenclature 

 

1. Chapter 1-4 

B blue light  Greek Symbols 
b dimensionless blue light ρ  density 

Cf  skin friction coefficient 𝛽 volumn expansion coefficient 

CP  specific heat capacity at constant pressure 𝜆 thermal conductivity of fluid 

f the frequency of the velocity 𝜇 fluid viscosity 

G green light 𝜐 kinematic viscosity 

g dimensionless green light 𝛿  boundary thickness 

Gi* modified Grashof number ξ, ξ* Slack variables 

H  duct height   

h the height of the inlet entrance   Subscripts 

hmax maximum heat transfer coefficient  in inlet value 
Ld duct length w wall value 

m input vector  max maximum value 

ṁ  mass velocity min minimum value 

Nu  Nusselt number out  outlet 

Nut theoretical Nusselt number max  maximum 

Nue experimental Nusselt number p predictive value 

Nubave the average Nu over the entire bottom wall c calibration value 

Nuupave  the average Nu over the entire upper wall  e experimental value 

Nubcave the average Nu at the centerline of bottom wall min  minimum 

Nuupcave the average Nu at the centerline of the upper wall wall  near-wall value 

Nuave the average Nu over the entire wall   

Nucave the average Nu at the center line of the wall  Abbreviations 

Nubmax the maximum Nu over the entire bottom wall ANN artificial neural network 

Nuupmax the maximum Nu over the entire upper wall AR  aspect ratio 

Nubcmax  the maximum Nu at the centerline of the bottom wall  BFS backward-facing step 

Nuupcmax  the maximum Nu at the centerline of the upper wall  CFD computational fluid dynamics 

Nucmax  the maximum Nu at the centerline of the wall  CNN convolutional neural network 

Numax  the maximum Nu over the entire wall  CPU central processing unit 

P Pressure DNS direct numerical simulation 

Pr Prandtl number ER  expansion ratio  

�̇� heat transfer rate FDF Facade Design Factory  

qw heat flux given on the bottom wall or upper wall FOV field of view 

R red light LDV Laser Doppler Velocity 

r dimensionless red light LES Large Eddy Simulation  

Re Reynolds number MLP multilayer perceptron 

Reabc reattachment position near bottom center PCC Pearson’s correlation coefficient 

Reabs reattachment position near bottom side wall RANS Reynolds-averaged Navier–Stokes 

Reauc  reattachment position near upper center  RMS root mean square 

Reaus reattachment position near upper side wall SVR support vector regresssion 

Ri* modified Richardson number   

S step height   

Sepuc separation position near upper center   

Sepus separation position near upper side wall   

T temperature   

t time   

t* t*=t*Um0/S   
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Tc calibration temperature   

Tin inlet temperature   

Tm bulk temperature   

Tp predictive temperature   

TW local wall temperature   

u velocity component in the x direction   

�̅� time-averaged velocity component in the x direction   

urms fluctuation intensity in the x direction   
v velocity component in the y direction   
�̅� time-averaged velocity component in the y direction   
vrms fluctuation intensity in the y direction   
V 𝑉 = √𝑢2 +𝑤2   
w velocity component in the z direction   
�̅� time-averaged velocity component in the z direction   
WD duct width   
wrms fluctuation intensity in the z direction   
x streamwise coordinate   
X X=R+G+B   
xr streamwise location of reattachment point   
y wall-normal coordinate   
z spanwise coordinate   

 

2. Chapter 5 

C 

d 

h  

H 

Courant number 

diameter of the cylinder 

inlet channel height 

H=h+S 

 
Ω 

𝜃 

𝜇 

Greek Symbols 

instantaneous vorticity 

fluctuating temperature 

dynamic viscosity  

k  

Lu 

Ld 

𝑁𝑢  

𝑁𝑢𝑡̅̅ ̅̅ ̅  

𝑁𝑢̅̅ ̅̅  

𝑃0̅̅ ̅ 
𝑃𝑜𝑢𝑡̅̅ ̅̅ ̅ 
�̅� 

Reg 

𝑅𝑒𝑆 

U 

𝑈0 

V 

u 

v 

𝑢𝑣 

𝑣𝜃 

W 

X 

Y 

XC 

YC 

thermal conductivity 

Lu=1 S 

Ld=60 S 

local Nusselt number 

time-averaged Nusselt number 

time-spatial averaged Nusselt number 

the average inlet pressure 

the average outlet pressure 

time-averaged temperature 

grid Reynolds number 

Reynolds number based on S 

streamwise velocity in the X direction 

the averaged velocity of the inlet flow 

transverse velocity in the Y direction 

streamwise fluctuating velocity 

transverse fluctuating velocity 

velocity cross-correction 

velocity-temperature cross-correction 

channel width 

streamwise coordinate 

transverse coordinate 

stream-wise position of the circular cylinder 

cross-stream position of the circular cylinder 

𝜏 

 

 

max 

min 

out 

W 

 

 

PSD 

sampling time 

 

Subscripts 
maximum 

minimum 

outlet value 

wall value  

 
Abbreviations 
power special density 
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