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Criteria for Recoverability of Rectangular Polyhedra in Terms of

Linear Programming
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A rectangular polyhedron is a polyhedron whose corners consist of three mutually perpendicular faces. In the

present paper, we consider the recoverability problem of a rectangular polyhedron from a given labeled line drawing

that has certain special properties. Here the labels attached to junctions signify the 3D structures around them. Since

the orthogonality constraints are quadratic, that is, not linear and it is hard to deal with, we relax the orthogonality

constraints into the parallel constraints so that they become linear. Then our problem is changed to the recoverability of

parallel polyhedra. The recoverability of parallel polyhedra is reduced to the existence of a feasible solution of the linear

programming problem. Further, we prove that the recoverability of parallel polyhedra is equivalent to that of rectangular

polyhedra by constructing a label preserving affine transformation from a parallel polyhedron to a rectangular polyhedron

under the suitable conditions for angles between lines in the drawings.
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Table 1. Kanatani’s labels.

Junction Label c Label p Label s

u1 (0 1 0) (0 1 0) (0 0 0)

u2 (0 0 1) (0 0 1) (1 0 0)

u4 (0 1 0) (0 1 0) (0 0 0)

u5 (1 1 0) (1 1 0) (0 0 0)

u6 (1 0 0) (1 0 0) (0 0 0)

u7 (0 0 0) (0 0 0) (0 0 0)

u8 (1 1 1) (1 1 1) (1 0 0)

u9 (0 1 1) (0 1 1) (1 0 0)

u10 (1 0 0) (1 0 0) (0 0 0)

u11 (0 0 0) (0 0 0) (0 0 0)

u12 (1 0 1) (1 0 1) (0 0 0)

u13 (0 0 1) (0 0 1) (0 0 0)

u14 (0 1 1) (0 1 1) (0 0 0)

1

4.

6)

4.1

D

U 1 |U |
u1, u2, . . . , u|U | ui

(xi, yi) xi, yi

ui

vi (xi, yi, zi)

zi xy

d1, d2, . . . ,

dj fj

fj

ajx+ bjy + z + cj = 0 (1)

z

(1) z 1

vi fj

fj vi

ajxi + bjyi + zi + cj = 0

xi, yi

aj , bj , cj , zi

1

1

w = t(z1, . . . , z|U |, a1, b1, c1, . . . , a|F |, b|F |, c|F |)

A

Aw = 0 (2)

(2)

4.2

w = t(z1, . . . , z|U |, a1, b1, c1, . . . , a|F |, b|F |, c|F |)

Bw > 0 (3)

Cw ≥ 0 (4)

(3), (4)

Huffman-

Clowes 1, 2) 6)

(R1), (R2)

5.1

4.3

(2)-(4)

(3)

e

Bw ≥




e
...

e


 (5)

82



（　  ）41

線形計画法を用いた直交多面体の復元可能性の判定

4.1. (2)-(4) (2),

(4), (5)

4.1 (2)-(4) (2), (4), (5)

• maximize

|U |∑
i=1

zi

• Aw = 0, Bw ≥




e
...

e


 , Cw ≥ 0,

zi ≤ 0 (i = 1, . . . , |U |).

5.

(R1), (R2)

5.1

ui dj

ui 1 dj ui

k l

ui vi

dj fj

1. ui dj π

s
(kl)
ui = 0

2. ui dj π

s
(kl)
ui = 1

5.1. Fig. 4 s
(12)
u5 = 0 u5

d3 π d7

π u5 v5

d3 f3 d7

f7

vi fj

ajxi + bjyi + zi + cj = 0 (6)

vi fj

fj vi

ajxi + bjyi + zi + cj > 0 (7)

ui 2 ui

dj1 , dj2 , dj3 ui dj1

π vi fj1

aj1xi + bj1yi + zi + cj1 = 0 (8)

fj2 fj3 vi

ajmxi + bjmyi + zi + cjm > 0 (m = 2, 3) (9)

(6), (8)

( )

5.2. Fig. 4 Table 1

su1 = (0 0 0)




a1x1 + b1y1 + z1 + c1 = 0

a2x1 + b2y1 + z1 + c2 = 0

a7x1 + b7y1 + z1 + c7 > 0

2 u3




a1x1 + b1y1 + z1 + c1 > 0

a2x1 + b2y1 + z1 + c2 = 0

a7x1 + b7y1 + z1 + c7 > 0

1 ui1 ui2 k

p
(k)
ui1

= 0

vi1 vi2 p
(k)
ui1

= 1

vi1 vi2

z

vi1 vi2

zi1 > zi2 (10)

zi1 < zi2 (11)
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5.3. Fig. 4 Table 1

pu1 = (0 1 0) z1 < z2

w = t(z1, . . . , z|U |, a1, b1, c1, . . . , a|F |, b|F |, c|F |)

(6), (8)

Aw = 0, (12)

(7), (9), (10), (11)

Bw > 0, (13)

4.3

e (13)

Bw ≥




e
...

e


 (14)

5.2

dj1

dj2 1 2 fj1 fj2

aj1aj2 + bj1bj2 + 1 = 0

2

(12)

3

2

2

dj′1 dj′2

fj′1 fj′2

z 1

aj′1 = aj′2 , bj′1 = bj′2

(12)

A′w = 0 (15)

5.4. Fig. 4 f1, f2, . . . , f6 3

{f1, f3, f5} {f4, f6} {f5}

a1 = a3 = a5, b1 = b3 = b5,

a4 = a6, b4 = b6

4.1

5.5.

(14), (15)

5.3

(R1), (R2)

α, β, γ, δ ∈ R



x′

y′

z′


 =




1 0 0

0 1 0

α β γ







x

y

z


+




0

0

δ




γ > 0

p

2 t(x1, y1, z1),
t(x2, y2, z2)

t(p, q, 1)

x1 − x2

p
=

y1 − y2
q

= z1 − z2

z

z′1 − z′2 = α(x1 − x2) + β(y1 − y2) + γ(z1 − z2)

= (αp+ βq + γ)(z1 − z2)

αp+ βq + γ > 0

s
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P

(pk, qk, 1)(k = 1, , 2, 3) P

(∗)







x′

y′

z′


 =




1 0 0

0 1 0

α β γ







x

y

z


+




0

0

δ




αpk + βqk + γ > 0 (k = 1, 2, 3)

γ > 0

P ′ P

P

5.6. t(pk, qk, 1)(k = 1, 2, 3)

P

P (∗)

⇐⇒ pkpl + qkql < 0 (k, l = 1, 2, 3, k ̸= l).

. t(pk, ql, 1)




pk

qk

αpk + βqk + γ




3

k ̸= l

pkpl + qkql + (αpk + βqk + γ)(αpl + βql + γ) = 0

(16)

αpk + βqk + γ > 0 (k = 1, 2, 3) (17)

γ > 0

(16) α, β, γ

pipj + qiqj < 0

1. (16), (17)

pkpl + qkql = −(αpk + βqk + γ)(αpl + βql + γ) < 0

2. pkpl + qkql < 0 (k, l = 1, 2, 3, k ̸= l)

αp1 + βq1 + γ =

√
− (p1p2 + q1q2)(p3p1 + q3q1)

(p2p3 + q2q3)

(18)

αp2 + βq2 + γ =

√
− (p1p2 + q1q2)(p2p3 + q2q3)

(p3p1 + q3q1)

(19)

αp3 + βq3 + γ =

√
− (p2p3 + q2q3)(p3p1 + q3q1)

(p1p2 + q1q2)

(20)

α, β, γ

α, β, γ

M =




p1 q1 1

p2 q2 1

p3 q3 1




α, β, γ 1

(17)

(18)-(20) 2

(16)

γ > 0 M 3

(18)-(20) M ′

Cramer

γ =
detM ′

detM

detM detM ′

3 p1 = t(p1, q1),p2 =
t(p2, q2),p3 = t(p3, q3) pk pl

θkl

cos θkl =
pkpl + qkql
|pk||pl|

< 0

π
2 < θkl < π(k ̸= l)

detM

= (p1q2 − p2q1) + (p2q3 − p3q2) + (p3q1 − p1q3)

= |p1||p2| sin θ12 + |p2||p3| sin θ23 + |p3||p1| sin θ31

detM > 0

detM ′

= −
√
−(p1p2 + q1q2)(p2p3 + q2q3)(p3p1 + q3q1)

·
(
p1q2 − p2q1
p1p2 + q1q2

+
p2q3 − p3q2
p2p3 + q2q3

+
p3q1 − p1q3
p3p1 + q3q1

)

= −
√
−(p1p2 + q1q2)(p2p3 + q2q3)(p3p1 + q3q1)

· (tan θ12 + tan θ23 + tan θ31)

detM ′ > 0 γ > 0

P

(∗)

85



（　  ）44

網 野 誠 晃 ・ 西 田 優 樹 ・ 渡 邊 芳 英

5.7. (R1), (R2)
t(pk, qk, 1)(k =

1, 2, 3) pkpl + qkql < 0

. p (1 1 1) 1

p

3

p′
1 = t(p′1, q

′
1), p

′
2 = t(p′2, q

′
2), p

′
3 = t(p′3, q

′
3)

p′kp
′
l + q′kq

′
l < 0 (k ̸= l) (21)

p (1 1 1)

3 r′1, r
′
2, r

′
3 > 0

t(p′1, q
′
1, r

′
1),

t(p′2, q
′
2, r

′
2),

t(p′2, q
′
2, r

′
2)

t(p′1, q
′
1) = r′1

t(p1, q1),

t(p′2, q
′
2) = r′2

t(p2, q2),

t(p′3, q
′
3) = r′3

t(p3, q3)

(21) r′1, r
′
2, r

′
3 > 0

pkpl + qkql < 0 (k ̸= l)

5.5, 5.6, 5.7

4.3

5.8.

(14), (15)

6.

(R1), (R2)
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2
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