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Reconstruction of the Conductivity from the Dirichlet-to-Neumann
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The theory of inverse boundary value problems has been used in fields of engineering and physics such as non-

destructive testing, medical imaging. Calderón’s inverse problem for an elliptic partial differential equation appears in

electrical impedance tomography (EIT). EIT is one of techniques for medical imaging. One can infer inside of human body

by the surface electrode measurements. Mathematically, this technique corresponds to the reconstruction of the electrical

conductivity from boundary measurements. One of theoretical models of boundary measurements is the Dirichlet-to-

Neumann map. In the present paper, we consider a discrete analogue of Calderón’s inverse problem. Namely, we derive a

reconstruction procedure of conductivity on circular resistor networks from the Dirichlet-to-Neumann map. A numerical

example of perturbation of the Dirichlet-to-Neumann map is also given in this paper.
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. Ω Rd (d ≥ 2)

, ∂Ω .

γ(x)

( , γ(x)

).

∇ · γ∇u = 0, in Ω, u = f on ∂Ω, (1)
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Λγf = γ
∂u

∂ν
on ∂Ω. (2)

- Λγ ,

. γ(x) , u

, γ(x) , Λγ

γ(x) .

, Λγ γ(x)

. , ,

Uhlmann2) .

Eqs. (1)-(2) ,

. ,

Eq. (1)

. -

,

. , Curtis-Morrow3),

Curtis-Mooers-Morrow4), Curtis-Ingerman-Morrow5),

Curtis-Morrow6), Oberlin7), Isozaki-Morioka8),

. , Eqs. (1)-(2)

, Borcea-Druskin-Mamonov9)

.

, -

, (i) -

, (ii) , (iii)

-

, . ,

, (i), (ii) , (iii)

.

. §2 ,

-
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. §5 , -
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2. -

(V,E) ,

V , ( , )

E ,

γ(pq) > 0, pq ∈ E,

Fig. 1. A circular resistor network with one circle.

. p ∈ V ,

N(p) . Fig. 1 , V

Vint VB . p ∈ VB

, q ∈ N(p) , q

Vint .

p ∈ V u(p) ,

.

∑
q∈N(p)

γ(pq) (u(q)− u(p)) = 0, p ∈ Vint. (3)

Eq. (3) , VB

u = f , V u

. , Eq. (3)

.

1 VB u = f , u Eq. (3)

, (Λγf)(p) = If (p), p ∈ VB, . ,

If (p) q ∈ N(p) pq ,

If (p) = γ(pq)(u(p)− u(q)), q ∈ N(p),

.

, VB u = f , If

, Λγ -

. , ,

, Λγ .

V , E

, -

. Vint = {v1, · · · , vn},
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VB = {vn+1, · · · , vn+m} , u

t[u1, · · · , un, f1, · · · , fm] ∈ Rn+m .

,

∑
q∈N(p)

γ(pq) (u(q)− u(p)) = 0, p ∈ Vint. (4)

u(p) = f(p), p ∈ VB , (5)

,

[
AII ABI

AIB ABB

][
u

f

]
=

[
0

g

]
, (6)

. , u = t[u1, · · · , un] ∈ Rn, f =

t[f1, · · · , fm],g = t[g1, · · · , gm] ∈ Rm ,

γ(pq)

. , AII n × n , ABI n × m ,

AIB m× n , ABB m×m .

, AII

( , 3.2 3.36)). ,

- .

Mγ = −AIBA
−1
II ABI +ABB . (7)

3.

, |u(p)|
. ,

.

, Fig. 2 ,

.

. ,

.

, Curtis-Morrow3), Curtis-Ingerman-Morrow5),

Oberlin7), Isozaki-Morioka8) .

, Fig. 2 , ,

,

. , Fig. 2

, . ,

.

(i) 11, 12, 13 u = f If = g

. 3, 4, 5 u

.

Fig. 2. Paths of extension of the potential by the

Cauchy problem. (node 11-13) : given Dirichlet

and Neumann data. (node 10, 14) : given Dirichlet

data. (node 15-17) : no given data.

(ii) 4 Eq. (3)

. 4 ,

3, 4, 5, 12 u ,

1 u Eq. (3)

.

(iii) 3, 5 , (ii) ,

2, 6 u .

(iv) 10, 14

. , 2, 6 (ii)

. 7, 9 u

.

(v) 1 , Eq.

(3) . 1 ,

8 u . ,

8 .

(vi) 7, 8, 9 (ii) ,

15, 16, 17 u .

, V u

. , , -

Mγ ,

.

2 VB = VB1 ∪ VB2 ∪ VB3 := { } ∪
{ } ∪ { } . Mγ
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f(VB1)

f(VB2)

f(VB3)


 =




n(VB1)

n(VB2)

n(VB3)


 .

, f , n

, f(VBj), n(VBj) VBj

f , n . , M13

.

. Fig. 2 . f(VB1) = f(VB2) = 0,

M13f(VB3)(= n(VB1)) = 0 .

(i)-(vi) , V

u = 0 . , f(VB3) = 0

. ( )

3 VB1, VB2 f(VB1), f(VB2)

, VB1 n(VB1)

. , VB f ′ , f ′(VB1) =

f(VB1), f
′(VB2) = f(VB2), (Mγf

′)(VB1) = n(VB1)

.

. 2 , .

f ′(VB3)

= M−1
13 (n(VB1)−M11f(VB1)−M12f(VB2)) ,

(8)

f ′(VBj) = f(VBj), j = 1, 2. ( )

Fig. 3. Paths of extension for large resistor networks

by Cauchy problems.

,

. Fig. 3 , 3

.

,

u

. Fig. 3 ,

1 u ,

3 1

u .

4.

, γ , -

Λγ , .

, , f(VB1) = 0,

n(VB1) = 0, VB2 1

1, 0 .

, Fig. 1 .

, v1, · · · , v9 ∈ Vint, v10, · · · , v17 ∈ VB

. , f = t[f10, · · · , f17],
n = t[n10, · · · , n17] ,

u = t[u1, · · · , u17] .

4.1

, p ∈ VB , q ∈ N(p) , pq γ(pq)

.

(i) f11 = f12 = f13 = 0, n11 = n12 = n13 = 0,

f10 = 1, f14 = 0 . 3 , v15, v16, v17

f -

. , , u

0 , V u

0 0 .

Fig. 4 .

(ii) v2, v10 . u2 = 0, u10 = 1

,

If (v10) = γ(v2v10)(u10 − u2) = γ(v2v10), (9)

. , -

,

(Λγf)(v10) = If (v10) = n10, (10)

. Eqs. (9)-(10) , γ(v2v10) = n10

.

(iii) (i), (ii) ,

γ(vjvj+8), j = 2, · · · , 9, .

4.2

(i) §4.1-(i) . v2 ,

Fig. 5 . u1 = u2 = u3 = 0, u10 = 1
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Fig. 4. Potentials are equal to zero at nodes 1-7 and

11-14.

. , u17 3 , n17

- .

γ(v9v17) ,

If (v17) = γ(v9v17)(u17 − u9) = n17,

u9 = u17 −
n17

γ(v9v17)
,

. , v2

,

γ(v2v10) + γ(v2v9)u9 = 0,

, γ(v2v9) .

(ii) , (i) ,

.

Fig. 5. Reconstruction of γ(v2v9).

4.3

(i) §4.1-(i) . u1 = · · · =
u7 = 0 . §4.2-(i) , u16, u8, u9

. , v9

, Fig. 6 .

γ(v1v9)(−u9) + γ(v2v9)(u2 − u9)

+ γ(v9v17)(u17 − u9) + γ(v8v9)(u8 − u9) = 0,

, γ(v1v9) .

(ii) , (i) ,

.

Fig. 6. Reconstruction of γ(v1v9).

§4.1-4.3 , .

4 - Λγ , γ

.

5. -

- Λγ

, . Mγ

, m × m ϵ , Mγ + ϵ

. 4 , Λγ ( Mγ)

γ . Mγ + ϵ

γ′ , γ γ′ , ϵ

,

. ,

, .

, ,

,

. v1, · · · , vm ∈ VB

.

Mγ = [aij ]
m
i,j=1, ϵ = [ϵij ]

m
i,j=1,

, f = t[f1, · · · , fm] ,

ai1f1 + · · ·+ aimfm

vi ∈ VB ,

(ai1 + ϵi1)f1 + · · ·+ (aim + ϵim)fm
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Fig. 7. If ϵij ̸= 0, the associated input and output are

given at the node vj = and the node vi = , respec-

tively. The reconstructed conductivity γ is perturbed

at the nodes .

vi ∈ VB

. , ϵ ϵij , vj

vi

. ϵ , 1

, 0 ,

Fig. 7 . ,

§4 . , ϵ

,

. ,

, ϵij

.
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