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Approximating K (7,3) by a Homogeneous Space

Akira KONO™

(Received March 26, 2018)

Improving a result of Shastri, we show that if X is a homogeneous space such that m(X) = m (K (7, 3)) for k < 35,

then 7 is finite.
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1. Introduction

Asin®), W. Browder posed to Shastri a question:
given a finitely generated abelian group 7 and positive
integers m,n, is there a homogeneous space X such

that
(X)) = (K (7, m))

for * < m? As is written in 3), this approximation

problem has already been settled for n > 3 when Brow-
der posed this question to Shastri, and Shastri studied

the remaining case n = 3 and proved:

Theorem 1.1 (Shastri 3)). If X is a homogeneous

space such that
m(X) = m (K (7, 3))
for k < 63, then m is finite.

In his proof, Shastri only used the assumptions

that
(X)) =0

for 0 < k<19, k+# 3 and
(X)) @ Zz1) =0

for k = 62,63. We will considerably reduce the as-

sumptions as:

Theorem 1.2. If X is a 2-connected homogeneous
space such that
Tk (X) =0

for 4 <k <11 and
m35(X) ® Q =0,
then m is finite.

Then we can substantially improve the above re-

sult of Shastri.
Corollary 1.3. If X is a homogeneous space such that
T (X) = mi (K (7, 3))

for k < 35, then m3(X) is finite.

2. Proof of Theorem 1.2

Recall that a simply connected compact simple

Lie group is isomorphic with one of

SU(n), Sp(n) (n>2), Spin(n) (n>7),

G2, F4, Ee, E7,  Eg
and that a compact simply connected Lie group is a
product of finite numbers of compact simply connected
simple Lie groups which are unique up to permutation.
Then for a compact simply connected Lie group G and

a compact simply connected simple Lie group K, we
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can define the integer mg(K) to be the number of K
appearing as the direct product factor of G. Put

mqg = Z mg(K)

K :simple

Hereafter, let X be a 2-connected homogeneous space.
Then there are a compact simply connected Lie group
G and its compact simply connected Lie subgroup H
such that X is homotopy equivalent to the quotient
G/H, so we may assume X = G/H. Consider the

homotopy exact sequence

oo M1 (X) 2 e (H) = m(G) = m(X) — -
(2.1.)

If K is a compact simply connected simple Lie
group, we have m3(K) = 0 and m3(K) = Z, implying
m3(G) 2 Z™¢ and w3(H) = Z™#. Then we get:

Lemma 2.1. Suppose m4(X) = 0. Then the rank of
m3(X) is

mg —mg.

So we aim to prove mg my under the as-

sumption of Theorem 1.2. By ), we have the following

tables.
Table 1. list of 74 (G).
G k=5 k=6 k=7 k=38
SU(2) Z)2 Z]12 72 Z/2
SU(3) 0o Z/6 0  Z/12
SU(4) z 0 Z 724
SU(n) (n>5) Z 0 Z 0
Sp(n) (n>2) 7/2 0 Z 0
Spin(n) (n=17,9) 0 0 Z  (Z)2)?
Spin(8) 0 0 7?2 (Z)2)3
Spin(n) (n > 10) 0 0 Z Z]2
Gs 0o Z/3 0 7)2
F, 0 0 0 7)2
Eq 0 0 0 7)2
E; 0 0 0 0
Eg 0 0 0 0

(35)
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Table 2. list of 7 (G).
G k=10
SU(2) Z/15
SU(3) 7,/30
SU(4) Z/120 B Z/2
SU(5) 7,120
SU(n) (n>6) 0
Sp(2) Z/120
Sp(n) (n>3) 0
Spin(n) (n=717,9) Z/8
Spin(8) Z)24® /3
Spin(10) Z/4
Spin(11) Z]2
Spin(n) (n >12) 0
Go 0
Fy 0
E¢ 0
E; 0
Eg 0

For a compact simply connected simple Lie group

K, we put m(K) =mg(K) — my(K).

Lemma 2.2. If 7,(X) =0 for 4 < k < 11, then the
rank of m3(X) is

Proof. By the homotopy exact sequence (2.1.), we have

~

m(G) =mp(H) (4 <k <10).

Then by looking at the homotopy groups in the above
tables, we can derive equations among m(K). By look-
ing at mg, we have

m(SU(2)) = m(SU(3)) = m(Gy) = 0. (2.2.)

By 75 and (2.2.), we have

> m(SU(n)) =0 and > m(Sp(n)) =0. (2.3.)

n>2 n>2

Hence by m7,

m(Spin(7)) + 2m(Spin(8)) + Y _ m(Spin(n)) = 0.

n>9
(2.4.)
By mg, (2.2.), and (2.4.), we have
9
> m(Spin(n)) + m(Fy) + m(Eg) = 0. (2.5.)

n="7
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By m10 and (2.2.), we have m(Spin(8)) = 0 and then
m(Spin(7)) + m(Spin(9)) = 0. Combining these equa-
tions with (2.4.) and (2.5.), we have

Z m(Spin(n)) =0 (2.6.)
and
m(F4) + m(Eg) =0, (2.7.)

respectively. Thus by (2.2.), (2.3.), (2.6.), and (2.7.),

we obtain

mg —mg
= Z (SU(n)) + Z (Sp(n)) + Z (Spin(n
n>2 n>2 n>7

+ m(Gsa) + m(Fq) + m(Eg) + m(E7) + m(Es)
=m(Ez7) + m(Es),

completing the proof by Lemma 2.2. ]

Proof of Theorem 1.2. Let K be a compact simply

connected simple Lie group of rank < 8. If
m35(K) @ Q#0,
then K is either E; or Eg. Indeed since
m35(K) ® Q = QH*(K;Q),

by looking at the rational cohomology we see that K
is either E7 or Eg whenever

m35(K) ® Q # 0,

where QA means the module of indecomposables of

an algebra A. Then by the homotopy exact sequence

(2.1.), i

m35(X) @ Q =0,
then
m(E7) + m(Eg) <0
Thus by Lemma 2.2, the proof is completed. O
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