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Motion planning which is construction of an input implementing a desired output on a system is a fundamental

problem on both of the theory of control and its practical applications. In many cases, a system is represented as an

ordinary differential equation or a partial differential equation. Here let us deal final states of a system with outputs.

Then we can consider some control problems. A typical example of some control problems is the control by boundary

values. Laroche-Martin-Rouchon 1) considered an approximate motion planning as a boundary control problem on the heat

equation using Gevrey class functions. In this paper, we study an approximate motion planning on the one dimensional

plate equation by boundary control using Gevrey class functions. More precisely, we consider the initial-boundary value

problem (1)-(3). The output is a given final state of the plate at time T > 0, and the input is the pair of the Dirichlet

boundary value and the Neumann boundary value at an endpoint of the plate. We construct this input using finitely

truncated Gevrey functions so that the associated solution of the plate equation approximates the desired final state. Our

main result is Theorem 6.
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（　  ）61

梁振動方程式のべき級数解を用いた制御方法

, u (0, T )× (0, L)

∂2
t u+ ∂4

xu = 0, (1)

. , u

u(0, x) = u0(x), ∂tu(0, x) = u1
0(x), x ∈ (0, L),

(2)

u(t, 0) = ∂xu(t, 0) = 0,

u(t, L) = h(t), ∂xu(t, L) = I(t), t ∈ (0, T ),
(3)

. , h, I

, u0 ∈ H2(0, L), u1
0 ∈ L2(0, L) .

uT (x), u
1
T (x) .

(1)-(3) , T > 0

u(T, ·) = uT , ∂tu(T, ·) = u1
T ,

h, I .

, h, I ,

.

, ,

(1)-(3) . ,

,

ϵ > 0 ,

||uT − ũ(T, ·)||H2(0,L) < ϵ, (4)

||u1
T − ∂tũ(T, ·)||L2(0,L) < ϵ, (5)

h̃, Ĩ .

ũ , (1)-(3) , h = h̃,

I = Ĩ . ũ

h̃, Ĩ , Gevrey . §2 .

. §2 ,

Gevrey .

§3 , (4)-(5) ,

. §4 ,

, .

6 . §5 , H2

.

2. Gevrey

1 y : t ∈ [0, T ] �→ y(t) ∈ R C∞

. m y

sup
0≤t≤T

���z(m)(t)
��� ≤ M

(m!)s1

Rm
,

M,R .

y t s1 ∈ [1,+∞) Gevrey

.

2 γ ∈ (0,+∞), T > 0 ψγ

ψγ(t) =

{
0 t = 0, T,

exp
(

−1
((T−t)t)γ

)
t = (0, T ),

. ψγ Gevrey 1+( 1γ )

. Ψγ

Ψγ(t) =

∫ t

0
ψγ(τ)dτ∫ T

0
ψγ(τ)dτ

t ∈ [0, T ],

. Ψγ Gevrey 1+( 1γ )

.

3 z : (t, x) ∈ [0, T ]× [0, L] �→ z(t, x) ∈ R C∞

. m,n

z

sup
0≤t≤T,0≤x≤L

����
∂m+nz

∂m
t ∂n

x

(t, x)

���� ≤ M
(m!)s1(n!)s2

Rm
1 Rn

2

,

M,R1, R2 .

z t s1 ∈ [1,+∞) ,x

s2 ∈ [1,+∞) Gevrey .

,

h̃, Ĩ , (1)-(3)

. P0, P
1
0 , PT , P

1
T , u0, u

1
0, uT , u

1
T

, , ϵ > 0

||P0 − u0||H2(0,L) < ϵ, ||P 1
0 − u1

0||L2(0,L) < ϵ, (6)

||PT − uT ||H2(0,L) < ϵ, ||P 1
T − u1

T ||L2(0,L) < ϵ, (7)

. (6)-(7)

, §5 .

P0, P
1
0 , PT , P

1
T , N ,

P0(x) =
N∑
i=0

P0,i
x4i+2

(4i+ 2)!
,

P 1
0 (x) =

N∑
i=0

P 1
0,i

x4i+3

(4i+ 3)!
,

PT (x) =
N∑
i=0

PT,i
x4i+2

(4i+ 2)!
,

P 1
T (x) =

N∑
i=0

P 1
T,i

x4i+3

(4i+ 3)!
,
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∂2
t ū+ ∂4

xū = 0, (t, x) ∈ (0, T )× (0, L),

ū(0, x) = P0(x),

∂tū(0, x) = P 1
0 (x), x ∈ (0, L),

ū(t, 0) = 0,

ū(t, L) = h̄(t), t ∈ (0, T ),

∂xū(t, 0) = 0,

∂xū(t, L) = Ī(t),

(8)

.

h̄, Ī . (8)

ū ū(t, x) =
∑∞

i=0 ai(t)
xi

i! .

, i ai ∈ C∞([0, T ]) .

∂2
t ū+ ∂4

xū = 0

ū(t, 0) = 0, ∂xū(t, 0) = 0,

, i

a4i(t) = 0, a4i+1(t) = 0,

. ,

∂2
xū(t, 0) = Y (t), ∂3

xū(t, 0) = Z(t),

. Y, Z ∂2
t ū + ∂4

xū = 0

, i

a4i+2(t) = (−1)iY (2i)(t), a4i+3(t) = (−1)iZ(2i)(t),

.

ū(t, x) =
∞∑
i=0

(−1)iY (2i)(t)
x4i+2

(4i+ 2)!

+
∞∑
i=0

(−1)iZ(2i)(t)
x4i+3

(4i+ 3)!
,

.

, Y, Z .

4 Y, Z

Gevrey α ∈ [1, 2) .

ū ,

t α x 1 Gevrey .

. ū . ū

ū(t, x) =
∞∑
i=0

(−1)iY (2i)(t)
x4i+2

(4i+ 2)!

+
∞∑
i=0

(−1)iZ(2i)(t)
x4i+3

(4i+ 3)!

= ū1(t, x) + ū2(t, x),

. ,

����
∂m+nū

∂m
t ∂n

x

(t, x)

����

≤
����
∂m+nū1

∂m
t ∂n

x

(t, x)

����+
����
∂m+nū2

∂m
t ∂n

x

(t, x)

���� ,

, ū1, ū2 t α x 1

Gevrey . ū1

.

����
∂m+nū1

∂m
t ∂n

x

(t, x)
Ln

(m!)α(n!)

����

=

������
∞∑

4i+2≥n

(−1)iY (2i+m)(t)
x4i+2−n

(4i+ 2− n)!

Ln

(m!)α(n!)

������

<
∞∑

4i+2≥n

����Y (2i+m)(t)
x4i+2−n

(4i+ 2− n)!

Ln

(m!)α(n!)

���� ,

,

����Y (2i+m)(t)
x4i+2−n

(4i+ 2− n)!

Ln

(m!)α(n!)

����

≤
����Y (2i+m)(t)

L4i+2

(4i+ 2− n)!

1

(m!)α(n!)

���� ,

. Y Gevrey α ,

Gevrey , M1, A1

,

����Y (2i+m)(t)
L4i+2

(4i+ 2− n)!

1

(m!)α(n!)

���� ,

≤M1
(2i+m)!α

A2i+m
1

L4i+2

(4i+ 2− n)!

1

(m!)α(n!)

≤M1L
4i+2

A2i+m
1

(2i)!α

(4i+ 2− n)!(n!)

(2i+m)!

(m!)(2i)!

α

≤M1L
4i+2

A2i+m
1

(2i)!α−4(2i)!4

(4i+ 2− n)!(n!)

(2i+m)!

(m!)(2i)!

α

,
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.

M1L
4i+2

A2i+m
1

(2i)!α−4(2i)!4

(4i+ 2− n)!(n!)

(2i+m)!

(m!)(2i)!

α

∼M1L
4i+2

A2i+m
1

(2i)!α−4

(4i+ 2− n)!(n!)

× (2i+m)!

(m!)(2i)!

α
(8i)!

2

(4πi)
3
2

48i

≤M1L
4i+2−n

A2i+m
1

(2i)!α−4(22i+m)α42(4i)!
(4πi)

3
2

2

=M1L
4i+2 1

R2i
1

1

Rm
1

(2i)!α−4(4i)!8(4πi)
3
2

=M1
vi
Rm

1

,

. ,

R1 =
A1

2α
, vi = L4i+2 1

R2i
1

(2i)!α−4(4i)!8(4πi)
3
2 ,

. ,

lim
i→∞

vi+1

vi

= lim
i→∞

L4

R2
1

(4i+ 4)(4i+ 3)(4i+ 2)(4i+ 1)

(2i+ 1)4−α(2i+ 2)4−α
(
i+ 1

i
)

3
2 ,

. α ∈ [1, 2) , ū1 .

ū1 t α x 1 Gevrey

.

M̄1 = M1

∞∑
4i+2≥n

vi,

. ū1 α ∈ [1, 2) ,

����
∂m+nū1

∂m
t ∂n

x

(t, x)

���� < M̄1
(m!)α(n!)

Rm
1 Ln

,

. ū2 , M̄2,

R2 ,
����
∂m+nū2

∂m
t ∂n

x

(t, x)

���� < M̄2
(m!)α(n!)

Rm
2 Ln

,

. , M , R ,
����
∂m+nū

∂m
t ∂n

x

(t, x)

����

≤
����
∂m+nū1

∂m
t ∂n

x

(t, x)

����+
����
∂m+nū2

∂m
t ∂n

x

(t, x)

����

≤M
(m!)α(n!)

RmLn
,

.

, x

Gevrey 1 , t

Gevrey α ∈ [1, 2) . ( )

,

Y, Z . ,

P0, P
1
0 , PT , P

1
T 2 Gevrey

1 + ( 1γ ) Ψγ ,Y, Z

.

Y (t) =

N∑
i=0

− 1 iP0,i
t2i

(2i)!
(1−Ψγ(t))

+
N∑
i=0

− 1 iPT,i
(t− T )2i

(2i)!
Ψγ(t),

Z(t) =
N∑
i=0

− 1 iP 1
0,i

t2i+1

(2i+ 1)!
(1−Ψγ(t))

+
N∑
i=0

− 1 iP 1
T,i

(t− T )2i+1

(2i+ 1)!
Ψγ(t),

, γ ∈ (1,∞) . ,

ū .

ū N

sup
0≤t≤T,0≤x≤L

|ū− û| < ϵ, (9)

û(t, x) =
N∑
i=0

(−1)iY (2i)(t)
x4i+2

(4i+ 2)!

+
N∑
i=0

(−1)iZ(2i)(t)
x4i+3

(4i+ 3)!
,

.

(8) h̄(t) = ū(t, L), Ī(t) = ∂xū(t, L)

. û h̃, Ĩ ,

sup
0≤t≤T

���h̄− h̃
��� < ϵ, (10)

sup
0≤t≤T

���Ī − Ĩ
��� < ϵ, (11)

. (9), (6)-(7) (10)-(11)

N . ,

h̃(t) =

N∑
i=0

(−1)iY (2i)(t)
L4i+2

(4i+ 2)!

+
N∑
i=0

(−1)iZ(2i)(t)
L4i+3

(4i+ 3)!
,

Ĩ(t) =
N∑
i=0

(−1)iY (2i)(t)
L4i+1

(4i+ 1)!

+
N∑
i=0

(−1)iZ(2i)(t)
L4i+2

(4i+ 2)!
,

. .
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3.

, Evans 2) §7.2
, .




∂2
tw + ∂4

xw = f, (t, x) ∈ (0, T )× (0, L),

w(0, x) = w0(x),

∂tw(0, x) = w1
0(x), x ∈ (0, L),

w(t, 0) = 0,

w(t, L) = 0, t ∈ (0, T ),

∂xw(t, 0) = 0,

∂xw(t, L) = 0,

(12)

.

f ∈ L2
(
0, T ;L2(0, L)

)
, w0 ∈ H2

0 (0, L), w
1
0 ∈

L2(0, L) . w

w ∈ L2
(
0, T ;H2

0 (0, L)
)
,

. , ∂tw ∈ L2
(
0, T ;L2(0, L)

)
, ∂2

tw ∈
L2

(
0, T ;H−1(0, L)

)
. v ∈

H2
0 (0, L) t ∈ [0, T ]

(
∂2
tw, v

)
L2(0,L)

+B[w, v; t] = (f, v)L2(0,L) , (13)

, (12)

. B[u, v; t] u, v ∈ H2
0 (0, L)

B[u, v; t] :=

∫ L

0

∂2
xu ∂

2
xv dx,

.

5 (13) ,

t ∈ [0, T ] C ,

||∂tw||2L2(0,L) + ||w||2H2(0,L)

≤C
(
||w1

0||2L2(0,L) + ||w0||2H2(0,L) + ||f ||2L2(0,T ;L2(0,L))

)
,

(14)

.

. Galerkin .

, θk = θk(x)(k = 1, 2, . . .) H2
0 (0, L)

, L2(0, L)

. , m wm

wm(t, x) :=
m∑

k=1

dkm(t)θk(x),

. dkm(k = 1, 2, · · · ) k =

1, 2, . . . t ∈ [0, T ]

dmk (0) = (w0, θk) ,

d

dt
dmk (0) =

(
w1

0, θk
)
,

(∂2
twm, θk) +B[wm, θk; t] = (f, θk),

. 3 d
dtd

m
k (t)

k = 1 k = m ,

(
∂2
twm, ∂twm

)
+B[wm, ∂twm; t] = (f, ∂twm) ,

. 3

. , 1

(
∂2
twm, ∂twm

)
=

∫ L

0

∂2
twm∂twmdx

=

∫ L

0

∂

∂t

1

2
(∂twm)

2
dx

=
1

2

∂

∂t

∫ L

0

(∂twm)
2
dx

=
1

2

∂

∂t
||∂twm||2L2(0,L),

. 2 ,

B[wm, ∂twm; t] =

∫ L

0

∂2
xwm∂2

x∂twmdx

=

∫ L

0

∂

∂t

1

2

(
∂2
xwm

)2
dx

=
1

2

∂

∂t

∫ L

0

(∂2
xwm)2dx

=
1

2

∂

∂t
||∂2

xwm||2L2(0,L),

. ,

(f, ∂twm) =

∫ L

0

f ∂twmdx

≤
∫ L

0

|f | |∂twm| dx

≤ 1

2

∫ L

0

|f |2 dx+
1

2

∫ L

0

|∂twm|2 dx

=
1

2
||f ||2L2(0,L) +

1

2
||∂twm||2L2(0,L),

. ,

1

2

∂

∂t

(
||∂twm||2L2(0,L) + ||∂2

xwm||2L2(0.L)

)

≤1

2

(
||∂twm||2L2(0,L) + ||f ||2L2(0,L)

)

≤1

2

(
||∂twm||2L2(0,L) + ||∂2

xwm||2L2(0.L) + ||f ||2L2(0,L)

)
,
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.

η(t) := ||∂twm||2L2(0,L) + ||∂2
xwm||2L2(0.L),

ξ(t) := ||f ||2L2(0,L),

. ,

∂tη(t) ≤ η(t) + ξ(t),

. ,

t ∈ [0, T ]

η(t) ≤ et(η(0) +

∫ t

0

ξ(s)ds),

. η(0)

η(0) = ||∂twm(0, ·)||2L2(0,L) + ||∂2
xwm(0, ·)||2L2(0,L)

= ||w1
0||2L2(0,L) + ||∂2

xwm(0, ·)||2L2(0,L)

≤ ||w1
0||2L2(0,L) + ||wm(0, ·)||2L2(0,L)

+ ||∂xwm(0, ·)||2L2(0,L) + ||∂2
xwm(0, ·)||2L2(0,L)

= ||w1
0||2L2(0,L) + ||wm(0, ·)||2H2(0,L)

= ||w1
0||2L2(0,L) + ||w0||2H2(0,L),

.

||∂twm||2L2(0,L) + ||∂2
xwm||2L2(0.L)

≤ eT
(
||w1

0||2L2(0,L) + ||w0||2H2(0,L) +

∫ t

0

||f ||2L2(0,L)ds

)

≤ eT
(
||w1

0||2L2(0,L) + ||w0||2H2(0,L) + ||f ||2L2(0,T ;L2(0,L))

)
,

. θk H2
0 (0, L) ,

wm, ∂xwm ∈ H1
0 (0, L) . , wm, ∂xwm

,

C ,

||∂twm||2L2(0,L) + ||wm||2H2(0.L)

≤C
(
||w1

0||2L2(0,L) + ||w0||2H2(0,L) + ||f ||2L2(0,T ;L2(0,L))

)
,

(15)

.

(15) , (wm)∞m=1 H2(0, L)

(wml
)∞l=1 , w (12)

. , ∥w∥H2(0,L) ≤
lim inf l→∞ ∥wml

∥H2(0,L) ( ,

8.29 3)). ,

||∂tw||L2(0,L) + ||w||H2(0.L)

≤C
(
||w1

0||L2(0,L) + ||w0||H2(0,L) + ||f ||L2(0,T ;L2(0,L))

)
,

. ( )

4.

§2-§3 (1)-(3)

.

6 t = 0 u0, u
1
0 ,

t = T uT = u(T, x), u1
T = ∂tu(T, x)

. , (1)-(3)

h = h̃, I = Ĩ ũ , K > 0

,

||uT − ũ(T, ·)||H2(0,L) < Kϵ, (16)

||u1
T − ∂tũ(T, ·)||L2(0,L) < Kϵ, (17)

.

. , §3
. , §3

. χ

χ(x) =

{
0 0 ≤ x < δ,

1 L− δ < x ≤ L,

C∞([0, L]) . ,

w(t, x) := u(t, x)− χ(x)h(t)− χ(x)(x− L)I(t),

. w0, w1
0, f

w0(x) = u0(x)− χ(x)h(0)− χ(x)(x− L)I(0),

w1
0(x) = u1

0(x)− χ(x)∂th(0)− χ(x)(x− L)∂tI(0),

f(t, x) = −χ(x)∂2
t h(t)− χ(x)(x− L)∂2

t I(t)

− ∂4
xχ(x)h(t)− ∂4

xχ(x) · (x− L)I(t)

− 4∂3
xχ(x)I(t),

, w §3 .

(16)-(17) .

(16) . ,

||uT − ũ(T, ·)||H2(0,L)

≤||uT − PT ||H2(0,L) + ||PT − ũ(T, ·)||H2(0,L),

. 2 ||PT − ũ(T, ·)||H2(0,L) PT

ũ(T, x) (8) (1)-(3)

h = h̃, I = Ĩ ũ

. χ(x) §3
.

w̄(T, x) = PT (x)− χ(x)h̄(T )− χ(x)(x− L)Ī ,

w̃(T, x) = ũ(T, x)− χ(x)h̃(T )− χ(x)(x− L)Ĩ(T ),
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, 2

||PT − ũ(T, ·)||H2(0,L)

≤||(PT − χh̄(T )− χ · (x− L)Ī(T ))

− (ũ(T, ·)− χh̃(T )− χ · (x− L)Ĩ(T ))||H2(0,L)

+ ||χ(h̃(T )− h̄(T ))||H2(0,L)

+ ||χ · (x− L)(Ĩ(T )− Ī(T ))||H2(0,L)

≤||w̄(T, ·)− w̃(T, ·)||H2(0,L)

+ ||χ(h̃(T )− h̄(T ))||H2(0,L)

+ ||χ · (x− L)(Ĩ(T )− Ī(T ))||H2(0,L),

. , (16)

||uT − ũ(T, ·)||H2(0,L)

≤||uT − PT ||H2(0,L) + ||w̄(T, ·)− w̃(T, ·)||H2(0,L)

+ ||χ(h̃(T )− h̄(T ))||H2(0,L)

+ ||χ · (x− L)(Ĩ(T )− Ī(T ))||H2(0,L)

. 2 ,

(7), (10) (11) , A > 0

,

||uT − ũ(T, ·)||H2(0,L)

<||w̄(T, ·)− w̃(T, ·)||H2(0,L) +Aϵ

. .

, §3 (14)

||w̄(T, ·)− w̃(T, ·)||H2(0,L)

<C(||w̄(0, ·)− w̃(0, ·)||H2(0,L)

+ ||∂tw̄(0, ·)− ∂tw̃(0, ·)||L2(0,L)

+ ||f̄ − f̃ ||L2(0,T ;L2(0,L))),

. , f̄ , f̃

f̄(t, x) = −χ(x)∂2
t h̄(t)− χ(x)(x− L)∂2

t Ī(t)

− ∂4
xχ(x)h̄(t)− ∂4

xχ(x) · (x− L)Ī(t)

− 4∂3
xχ(x)Ī(t),

f̃(t, x) = −χ(x)∂2
t h̃(t)− χ(x)(x− L)∂2

t Ĩ(t)

− ∂4
xχ(x)h̃(t)− ∂4

xχ(x) · (x− L)Ĩ(t)

− 4∂3
xχ(x)Ĩ(t),

. §3 (14) ,

(10)-(11) , B,D,E ,

||w̄(0, ·)− w̃(0, ·)||H2(0,L) < Bϵ,

||∂tw̄(0, ·)− ∂tw̃(0, ·)||L2(0,L) < Dϵ,

||f̄ − f̃ ||L2(0,T ;L2(0,L))) < Eϵ,

. , F ,

||w̄(T, ·)− w̃(T, ·)||H2(0,L) < Fϵ,

. ,

||uT − ũ(T, ·)||H2(0,L) < Kϵ,

.

(17) .

(17) (16) . (

)

5.

, (6)-(7)

. , .

7 f ∈ H2(0, L) . ϵ > 0 ,

p ,

∥f − p∥H2(0,L) < ϵ,

.

. C2(0, L) H2(0, L) , f

[0, L] 2

. , ∂2
xf

[0, L] , (0, L)

, ϵ > 0

∥∂2
xf − p0∥L2(0,L) < ϵ, (18)

p0 .

p1(x) =

∫ x

0

p0(s)ds+ ∂xf(0), x ∈ (0, L),

, p1 . ,

∥∂xf − p1∥2L2(0,L)

=

∫ L

0

����
∫ x

0

(
∂2
xf(s)− p0(s)

)
ds

����
2

dx

≤∥∂2
xf − p0∥2L2(0,L)

∫ L

0

x dx

≤ L2ϵ2

2
,

(19)

.

p(x) =

∫ x

0

p1(s)ds+ f(0), x ∈ (0, L),
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, ,

C

∥f − p∥L2(0,L) < Cϵ (20)

.

(18), (19), (20) , ϵ > 0

, . ( )

6.

.

1. .

2.

.

3.
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