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Properties of a Reflection Quandle and Related Quandles
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A quandle, which is an algebraic system, is used when one considers some knot invariants. A. Inoue 1) considered

and studied coloring of knots by RotE2, where RotE2 is the rotation quandle consisting of all rotations of the Euclidean

plane with a suitable binary operation. In this paper, we consider the quandle cosisting of all reflections of the Euclidean

plane, which generates RotE2. Then we consider the quandles of lines and angles formed by the x-axis and those lines.

We study coloring of knots by these quandles.
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X , X 2 ∗ : X×X →
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X 3 :

(i) x ∈ X

x ∗ x = x, (1)

(ii) x, y ∈ X z ∈ X 1

z ∗ y = x, (2)

(iii) x, y, z ∈ X

(x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z). (3)

(X, ∗) .

2.1 X ,

. 2 ∗ x, y ∈ X

x ∗ y := y−1xy (4)

, (X, ∗) . (X, ∗)
.
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Fig. 1. a X-coloring.
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K , D K ,

(X, ∗) . D X

A : {D } → X D Fig.1

, A D X-

. A A ,

, D X-

. , D X-

D X- .

, D X-

. , D X-

. D X-

, K X- , D X-

K X- . , X

, X- .

3.

, 2

.

,

, 2

.

. , E2 R2

, R2 .

a ∈ R2 , n ∈ S1 .

ra,n : R2 → R2 :

ra,n(x) := x− 2{(x− a) · n}n. (5)

a , n

. ,

la,n := {x ∈ R2 | ra,n(x) = x} (6)

a , n .

, .

3.1 la,n ∩ lb,m ̸= ∅ x ∈ la,n ∩ lb,m

ra,n(x) = rb,m(x). (7)

la,n = lb,m , x ∈ R2

ra,n(x) = rb,m(x). (8)

,

RefE2 := {ra,n | a ∈ R2, n ∈ S1} (9)

. RefE2 ,

. ra,n ∈ RefE2 r−1
a,n

r−1
a,n = ra,n (10)

.

∗ : RefE2×RefE2 →RefE2

ra,n ∗ rb,m := r−1
b,m ◦ ra,n ◦ rb,m (11)

. (RefE2, ∗) .

(RefE2, ∗) E2

.

.

(ra,n ∗ rb,m)(x)

= x− 2{(x− a) · n− 2(n ·m)(x− b) ·m}
(n− 2(n ·m)m)

(12)

.

| n− 2(n ·m)m |= 1 (13)

n− 2(n ·m)m ∈ S1 .

(i) la,n = lb,m .

ra,n = rb,m

ra,n ∗ ra,n = r−1
a,n ◦ ra,n ◦ ra,n = ra,n. (14)
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(ii) la,n ̸= lb,m la,n ∩ lb,m ̸= ∅ .

y ∈ la,n ∩ lb,m

(x− y) · (n− 2(n ·m)m)

= (x− a) · n− 2(n ·m)(x− b) ·m
(15)

(r−1
b,m ◦ ra,m ◦ rb,m)(x)

= x− 2{(x− y) · (n− 2(n ·m)m)}
(n− 2(n ·m)m).

(16)

ra,n ∗ rb,m = ry,n−2(n·m)m.

(iii) la,n ∩ lb,m = ∅ .

n//m m = ±n.

n− 2(n ·m)m = n− 2(n · (±n))(±n) = −n (17)

,

(x− a) · n− 2(n ·m)(x− b) ·m
= {x− (2b− a)} · (−n)

(18)

,

(r−1
b,m ◦ ra,n ◦ rb,m)(x)

= x− 2[{x− (2b− a)} · (−n)](−n).
(19)

ra,n ∗ rb,m = r2b−a,−n.

(i) (iii) .

1

1 , 1 1

. ra,n la,n 1 1 .

LineE2

2

. LineE2 ∗ : LineE2×LineE2 →LineE2

la,n ∗ lb,m := lrb,m(a),n−2(n·m)m (20)

. (LineE2, ∗) , ,

ra,n la,n ∗ .

la,n ∗ lb,m la,n lb,m

.

RefE2 LineE2 .

3.2 RefE2-

Fig. 2. a RefE2-coloring of a right hand trefoil.

Fig. 3. a LineE2-coloring of a right hand trefoil.

.

Fig.2

ra1,n1 ∗ ra3,n3 = ra2,n2 (21)

ra3,n3
∗ ra2,n2

= ra1,n1
(22)

ra2,n2 ∗ ra1,n1 = ra3,n3 (23)

,

la1,n1 ∗ la3,n3 = la2,n2 (24)

la3,n3 ∗ la2,n2 = la1,n1 (25)

la2,n2 ∗ la1,n1 = la3,n3 (26)

. Fig.3

, RefE2- .

3.3 8 RefE2-

.

Fig.4
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Fig. 4. a RefE2-coloring of a figure eight knot.

Fig. 5. a LineE2-coloring of a figure eight knot.

ra1,n1 ∗ ra4,n4 = ra2,n2 (27)

ra2,n2 = ra3,n3 ∗ ra1,n1 (28)

ra4,n4 = ra1,n1 ∗ ra3,n3 (29)

ra3,n3 ∗ ra2,n2 = ra4,n4 (30)

,

la1,n1 ∗ la4,n4 = la2,n2 (31)

la2,n2
= la3,n3

∗ la1,n1
(32)

la4,n4 = la1,n1 ∗ la3,n3 (33)

la3,n3 ∗ la2,n2 = la4,n4 (34)

. Fig.5

, 8 RefE2- .

4. R/πZ- n-

2 , 1 ,

RefE2-

.

,

RefE2-

. , n- RefE2-

.

la,n x θ ∈ [0, π)

.

n =

(
cos(θ ± π

2 )

sin(θ ± π
2 )

)
=

(
∓ sin θ

± cos θ

)
( ) (35)

, [0, π) S1 N : [0, π) → S1

N(θ) :=

(
− sin θ

cos θ

)
(36)

, x

.

, 2 n,m ∈ S1 θ1, θ2 ∈ [0, π)

n =

(
− sin θ1

cos θ1

)
,m =

(
− sin θ2

cos θ2

)
(37)

n− 2(n ·m)m =

(
sin(2θ2 − θ1)

− cos(2θ2 − θ1)

)
(38)

, 2θ2 − θ1 ∈ [0, π)

N(θ1)− 2(N(θ1) ·N(θ2))N(θ2) = −N(2θ2 − θ1) (39)

.

θ1, θ2 ∈ [0, π) 2θ2 − θ1 −π <

2θ2 − θ1 < π ,

.

x θ R/πZ

[θ] := θ + πZ (40)

, , R/πZ

S1 2S
1

N : R/πZ → 2S
1

:

N([θ]) :=

{(
− sin θ

cos θ

)
,

(
sin θ

− cos θ

)}
. (41)

, R/πZ , ,

:

[θ] + [φ] := [θ + φ], (42)

[θ]− [φ] := [θ] + [−φ], (43)

n[θ] := [nθ] (n ∈ Z). (44)
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N(θ1)− 2(N(θ1) ·N(θ2))N(θ2) ∈ N(2[θ2]− [θ1]) (45)

. 2S
1

LineE2

2LineE
2

L0 : 2S
1 → 2LineE

2

L0(N) := {l0,n ∈ LineE2 | n ∈ N ∈ 2S
1

} =: lN (46)

, lN([θ]) 1 . 2LineE
2

1

LineE2 P : 2LineE
2 ⊃ {1

} → LineE2 P ◦L0 ◦N : R/πZ → LineE2

.

R/πZ ∗ : R/πZ×R/πZ → R/πZ

:

[θ] ∗ [φ] := 2[φ]− [θ]. (47)

(R/πZ, ∗) , P ◦ L0 ◦N
.

.

4.1 R/πZ- RefE2-

.

, .

n . Z/nZ ∗ : Z/nZ ×
Z/nZ → Z/nZ

a ∗ b := 2b− a (mod n) (48)

. (Z/nZ, ∗) .

R. H. Fox 3) ,

(Z/nZ, ∗) Fox-n- , n-

.

Z/nZ R/πZ f : Z/nZ → R/πZ

f(a) :=
[a
n
π
]

(49)

. f . ,

f(a ∗ b) = f(2b− a)

=

[
1

n
(2b− a)π

]

=
[a
n
π
]
∗
[
b

n
π

]

= f(a) ∗ f(b). (50)

K n- R/πZ- .

4.1 .

4.2 n , K n-

, K RefE2- .

R/πZ- .

4.3 RefE2-

R/πZ- .

R/πZ ,

, R/πZ

.

, Fig.6

.

ψ

[θ] �→ [θ + ψ], (51)

[φ] �→ [φ+ ψ], (52)

[θ] ∗ [φ] �→ [θ] ∗ [φ] + [ψ] (53)

[θ] ∗ [φ] + [ψ] = [θ + ψ] ∗ [φ+ ψ] (54)

, .

R/πZ ,

, 1 x

. , 1

[0] .

Fig.7

[0] ∗ [θ2] = [θ1] (55)

[θ1] ∗ [0] = [θ2] (56)

[θ2] ∗ [θ1] = [0] (57)

Fig. 6. a R/πZ-coloring of a crossing.
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Fig. 7. a R/πZ-coloring of a right hand trefoil.

[2θ2] = [θ1] (58)

[−θ1] = [θ2] (59)

[2θ1 − θ2] = [0] (60)

. (60)

θ2 = 2θ1 + nπ (n ∈ Z) (61)

, (59)

θ2 = −θ1 +mπ (m ∈ Z) (62)

,

θ1 =
1

3
(m− n)π (63)

θ2 =
1

3
(2m+ n)π (64)

. n = 0,m = 1

[θ1] =
[π
3

]
, [θ2] =

[
2

3
π

]
(65)

, (58)-(60) . (55)-(57)

R/πZ- .

RefE2- .

4.4 8 RefE2-

R/πZ- .

1 [0] .

Fig. 8. a R/πZ-coloring of a figure eight knot.

Fig.8

[0] ∗ [θ3] = [θ1] (66)

[θ1] = [θ2] ∗ [0] (67)

[θ2] ∗ [θ1] = [θ3] (68)

[θ3] = [0] ∗ [θ2] (69)

[2θ3] = [θ1] (70)

[θ1] = [−θ2] (71)

[2θ1 − θ2] = [θ3] (72)

[θ3] = [2θ2] (73)

. (71)

θ1 = −θ2 + nπ (n ∈ Z), (74)

(73)

θ3 = 2θ2 +mπ (m ∈ Z), (75)

(70)

2θ3 = θ1 + lπ (l ∈ Z) (76)

.

θ1 =
1

5
(4n+ 2m− l)π (77)

θ2 =
1

5
(n− 2m+ l)π (78)

θ3 =
1

5
(2n+m+ 2l)π (79)

. n = 1,m = 0, l = 0

[θ1] =

[
4

5
π

]
, [θ2] =

[π
5

]
, [θ3] =

[
2

5
π

]
(80)
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, (70)-(73) . (66)-(69)

R/πZ- .

8 RefE2- .
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