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     The authors analyse thermal convection in a cube heated differentially using the proper orthogonal decomposition, in 

order to reveal fundamental and dominant flow patterns. We conduct direct numerical simulations based on the Boussinesq 

approximation for a forcedly-oscillating cube under the zero-gravity environment, at vibrational Rayleigh number Raη = 

5.0×104 – 1.1×105, Plandtl number Pr = 7.1 (water) and non-dimensional forced-oscillating frequency ω = 1.0×100 – 2.0×102. 

The direction of the forced sinusoidal oscillation is parallel to the temperature gradient. From obtained consequtive series of 

computations, it appears that the first POD modes account for the transient process on spacial flow structures during one 

forcing period. The first POD modes well correspond to the steady and laminar flow structures which appear in a 

non-oscillating cube under the terrestrial environment. The expansion coefficient is useful in particular, as we could predict 

the transient process of the dominant flow structures. 
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Fig. 1.   Computational domain, together with coordinate 
system and boundary conditions. 
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Table 1.   Test cases and their parameters (Pr = 7.1). 
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(a) Case I (b) Case II 

  
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 

 
(c) Case III (d) Case IV 

Fig. 2.   Time history of K , together with Raηsin t. Blue and red lines denote K  and Raηsinωt, respectively. 
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Fig. 3.   Eigenvalues of the first ten POD modes in Case III: influence of the number n of snapshots. 
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(a) Case I (b) Case II 
 

 
 
 
 
 
 
 
 

 
(c) Case III (d) Case IV 

Fig. 4.   Eigenvalues k of the first ten POD modes (for n = 100). 
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Table 2.   Normalised eigenvalues λk in
i 1  of the first five POD modes (for n = 100). 

Modal number 

k 
1 2 3 4 5 

Case I 97.43 % 1.77 % 0.60 % 0.13 % 0.04 % 

Case II 70.14 % 26.39 % 1.62 % 1.22 % 0.24 % 

Case III 81.66 % 11.47 % 4.87 % 1.04 % 0.45 % 

Case IV 99.13 % 0.48 % 0.22 % 0.10 % 0.06 % 
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(a) Mode 1 (Pseudo-S4)  (b) Mode 2  
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Of 0.04×Kmax 
 
 
 
 
 

(c) Mode 3  (d) Mode 4  
Fig. 5.   The first four POD modes in Case I; perspective views of eigenfunctions of vertical velocity component w on three 

horizontal planes at z = 0.25, 0.5 and 0.75, together with iso-kinetic-energy surfaces. 
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(a) Mode 1 (Pseudo-S2)  (b) Mode 2 (Pseudo-S4)  
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Of 0.04×Kmax 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 

Of 0.04×Kmax 
 
 
 
 
 

(c) Mode 3  (d) Mode 4  
Fig. 6.   The first four POD modes in Case II; perspective views of eigenfunctions of vertical velocity component w on 

three horizontal planes at z = 0.25, 0.5 and 0.75, together with iso-kinetic-energy surfaces. 
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(a) Mode 1 (Pseudo-S6)  (b) Mode 2 (Pseudo-S5)  
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(c) Mode 3 (Pseudo-S2)  (d) Mode 4 (Pseudo-S4)  
Fig. 7.   The first four POD modes in Case III; perspective views of eigenfunctions of vertical velocity component w on 

three horizontal planes at z = 0.25, 0.5 and 0.75, together with iso-kinetic-energy surfaces. 
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(a) Mode 1 (Pseudo-S4)  (b) Mode 2  
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Of 0.12×Kmax 
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(c) Mode 3  (d) Mode 4  
Fig. 8.   The first four POD modes in Case VI; perspective views of eigenfunctions of vertical velocity component w on 

three horizontal planes at z = 0.25, 0.5 and 0.75, together with iso-kinetic-energy surfaces.
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Table 3.   Definitions of flow structures S1 – S7 (Pallares et al., 1996, 1999 & 2002). Gray zones of schematic diagrams 

represent ascending (z-ward) fluid, and white zones represent descending (–z-ward) fluid. Chained lines of schematic 

diagrams denote the roll axises of flow structures, and solid thin lines denote vertical (z-ward) symmetry planes. 

 

Flow Structure Definitions 
Schematic diagram on the mid plane 

(at z = 0.5) 

S1 

(including 

 S3 and S7 with twisted 

axis of rotation) 

A single roll. 

(For the difference among the S1, S3 and S7, we 

have to consider the hysteresis of Nu with increasing 

Ra. (See Pallares et al. (2002)))  

S2 A single diagonally-oriented roll. 

 

S4 A nearly-toroidal roll. 

 

S5 
Four rolls. Each one is with its axis perpendicular to 

one sidewall. 

 

S6 
Four rolls. Each one is with its axis perpendicular to 

one vertical (z-ward) edge. 
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Fig. 9. Expansion coefficients a1  a4 of the first four POD modes. 
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(a) Case I (b) Case II 

  
(c) Case III (d) Case IV 

Fig. 10. Square of expansion coefficients a1
2  a4

2 of the first four POD modes. 
 

 

(a) Case I 
 

(b) Case II 
 

(c) Case III 
 

(d) Case IV 
 

Fig. 11.  Time history of the POD mode with the largest a2 at each ωt, in each case. Black zones represent the state 
with K  1.0  100. 
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(b)  Case II 
 
 
 
 

(c)  Case III 
 
 
 
 

(d)  Case IV 
 

Fig. 12.  Time history of flow structure in each case. Black zones denote to be in conductive state. Blue shaded zones denote 
the transitional states. S4r indicates the reversed S4 which has the central and peripheral currents with opposite 
directions to the S4. 
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