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The Inverse Problem of Determination of the Heat Source in the 1D
Heat Equation
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First of all, we think the uniform stick that the heat source exists in inside. The heat equation with the heat source

is considered in this paper. As assumption, the special conditions are imposed to the heat source. We consider the inverse

problem that decides the heat source from the observational data of temperature of the uniform stick at one point. Then, we

find the unknown function of the heat source from the observational data of the stick at one point excluded a certain points

of limited piece. In the theory of Yamamoto-kim (2008), though the uniqueness of determination of the heat source has been

proven, the reconstruction of the heat source is not considered. The reconstruction method of the heat source is considered

in this paper. Result, we find the heat source by imposing the special conditions to the heat source.

Key words inverse problem, heat source

1.

* Department of Factory of Culture and Information Science, Doshisha University.

Telephone:+81-774-65-7610, E-mail:jurabe@mail.doshisha.ac.jp

** Department of Science and Engineering, Doshisha University.

Telephone:+81-774-65-6494, E-mail:yoshime@mail.doshisha.ac.jp

*** Department of Science and Engineering, Doshisha University.

Telephone:+81-774-65-6431, E-mail:htakuwa@mail.doshisha.ac.jp

*** *Department of Science and Engineering, Doshisha University.

Telephone:+81-774-65-6481, E-mail:dtj0361@mail4.doshisha.ac.jp

1)

•



（　  ）88

88

Q(x, t) = μ(t)f(x), 0 < x < π, t > 0

μ(t) = e−σt

2.

π

x t x t

u(x, t)

0

nx = kπ(n = 1, ..., N, k = 1, ..., N) x

x0

u(x0, t)

3.

u(x0, t) Q(x, t)

ut(x, t) = uxx(x, t) +Q(x, t), 0 < x < π, t > 0 (1)

u(x, 0) = 0, 0 < x < π, (2)

u(0, t) = u(π, t) = 0, t > 0 (3)

Q(x, t) = μ(t)f(x), 0 < x < π, t > 0 (4)

f(x)

μ(t)

x0 ∈ (0, π)

f(x)

f(x)

μ(t) = e−σt

f(x) =

N∑
n=1

bn sinnx (5)

bn(n = 1, ..., N)

{bn}Nn=1

4.

u(x, t) x t

ut(x, t) = uxx(x, t) +Q(x, t), 0 < x < π, t > 0 (6)

u(x, 0) = 0, 0 < x < π (7)

u(0, t) = u(π, t) = 0, t > 0 (8)

Q(x, t) = μ(t)f(x), 0 < x < π, t > 0 (9)
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μ(t)

μ(t) = e−σt (10)

sinnx = 0(n = 1, ..., N)

nx = kπ(n = 1, ..., N, k = 1, ..., N)

x x0 u(x0, t)

f(x)

f(x) =
N∑

n=1

bn sinnx (11)

bn(n = 1, ..., N)

[ ]

u(x, t) (6) (8) Q(x, t) (9) μ(t)

(10) f(x) (11)

x0

u(x0, t)(t > 0) {bn}Nn=1

Q(x, t) = μ(t)f(x)

5.

5.1

[2] p.60

ut(x, t) = uxx(x, t) +Q(x, t), 0 < x < π, t > 0 (12)

u(x, 0) = 0, 0 < x < π (13)

u(0, t) = u(π, t) = 0, t > 0 (14)

Q(x, t) = μ(t)f(x), 0 < x < π, t > 0 (15)

f(x) x0 ∈ (0, π)

μ ∈ C1[0,∞), (16)

f ∈ C5[0, π], (17)

djf

dxj
(0) =

djf

dxj
(π) = 0, j = 0, 1, ..., 4 (18)

μ(t) f(x)

( [2] p.60)

u(x, t) (12)-(14) Q(x, t) (15)

μ(t) (16) f(x) (17)(18)

μ(0) �= 0

x0
x0

π
x0 u(x0, t) f(x)

5.2

( )

•

•

• f(x) (17)(18)

( )

•

一次元熱方程式における熱源決定逆問題
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•

• f(x) (17)(18)

f(x) (17)(18)

f(x)

(17)(18)

6.

6.1

u(x, t) =

∞∑
n=1

2

π
{
∫ t

0

e−n2(t−s){
∫ π

0

μ(s)f(y)

sinnydy}ds} sinnx

an =
2

π

∫ π

0

f(y) sinnydy (19)

x = x0 u(x0, t)

u(x0, t) =

∫ t

0

{
∞∑

n=1

e−n2(t−s)an sinnx0}μ(s)ds

k(t) =
∞∑

n=1

e−n2tan sinnx0 (20)

u(x0, t) =

∫ t

0

k(t− s)μ(s)ds

u(x0, t) =

∫ t

0

μ(t− s)k(s)ds (21)

u(x, t)

u(x, t) x = x0 u(x0, t)

(19) (21)

u(x0, t)

(19) f → an

an = bn (n = 1, ..., N)

(20) an → k(t)

k(t) =
N∑

n=1

e−n2tbn sinnx0

(21) k(t) → u(x0, t)

u(x0, t) =
N∑

n=1

bn sinnx0

σ − n2
(e−n2t − e−σt)

u(x0, t)

6.2 {bn} 6)

u(x0, t)

f(x) =
N∑

n=1

bn sinnx

bn(n = 1, ..., N)

u(x0, t) → k(t) (21)

u(x0, t) ∈ C1[0,∞)

k(t) = ut(x0, t) + σu(x0, t)

k(t) =
N∑

n=1

e−n2tbn sinnx0 (22)

k(t) → an dn = bn sinnx0 d1

(22)

d1 = etk(t)− e−t
N∑

n=2

dne
(−n2+2)t
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(20) k(t) t → ∞

d1 = lim
t→∞ etk(t) = a1 sinx0

a1 = b1 sinx0 �= 0

n = 2

an = bn (n = 1, ..., N)

sinnx0 �= 0

x0 sinnx = 0(n =

1, ..., N) nx = kπ(n = 1, ..., N, k = 1, ..., N)

x

x0

an → f (19) f(x)

f(x) =
∞∑

n=1

an sinnx

an

f(x) =

N∑
n=1

bn sinnx

μ(t) = e−σt

6.3

k(t) → an u(x0, t)

t

T (22)

k(T ) = e−T d1 + e−4T d2 + · · ·+ e−N2T dN

k(2T ) = e−2T d1 + e−8T d2 + · · ·+ e−2N2T dN

k(3T ) = e−3T d1 + e−12T d2 + · · ·+ e−3N2T dN
...

k(NT ) = e−NT d1 + e−4NT d2 + · · ·+ e−N3T dN

vn = e−n2T

⎛
⎜⎜⎜⎜⎜⎜⎝

k(T )

k(2T )
...

k(NT )

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

v1 v2 . . . vN

v21 v22 . . . v2N
...

...
. . .

...

vN1 vN2 . . . vNN

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

d1

d2
...

dN

⎞
⎟⎟⎟⎟⎟⎟⎠

V =

⎛
⎜⎜⎜⎜⎜⎜⎝

v1 v2 . . . vN

v21 v22 . . . v2N
...

...
. . .

...

vN1 vN2 . . . vNN

⎞
⎟⎟⎟⎟⎟⎟⎠

V

|V | =
∏

1≤j≤N

vj
∏

1≤j≤i≤N

(vj − vi)

=
∏

1≤j≤N

e−j2T
∏

1≤j≤i≤N

(e−j2T − e−i2T )

|V | �= 0 V dn

t T, 2T, 3T, . . . , NT

dn

7.

Q(x, t) =

μ(t)f(x) μ(t)

f(x)

f(x)

f(x) =
N∑

n=1

bn sinnx

{bn}

f(x)

[2] p.60

一次元熱方程式における熱源決定逆問題
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